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Preface 


_ We are thankful to Almighty ALLAH Who gave us an opportunity to write 
the book , named ‘Applied Mathematics-11 ’ as Textbook of Diploma of Associate 
Engineer (DAE), intending to cover the new syllabus for the first year students 


Throughout the book, emphasis is on correct methods of computation, 
transposition of formulae, logical layout of solutions, neatness and clarity of 
arrangement of material , systematic use of all the normal mathematical and other 


tables. 


Topies covered include Functions & limits, Derivatives and its Applications, 
Stalistics and Probability, Integration & its Applications, Fourier series'and Laplace 
Transformation. 

Nonnally students face difficulty in solving complicated problems because 
they do not make a systematic attempt. We have attempted to help the students to 
overcome the difficulty by providing detailed instructions for an orderly approach. 
Difficult procedures and types of problems appearing in the exercise are illustrated 
by carefully explained examples. In the presentation of these illustrated examples, 
we have avoided unnecessary explanations. It is hoped that this book will help to 


' give students a good foundation in old and new techniques. 


Students are reminded that in order to acquire a proper understanding of the 
subject and its application, it is necessary to learn a number-of sound basic rules and 
methods. No scieniific or engineering subject can be fully comprehended and 
satisfactorily studied witiiout a sound mathematical background. 


We made ‘every effort to make the book valuable both for students and 


‘teachers, however we shall gratefully welcome to receive any suggestion for the 


further improvement of the book. 
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Chapter 1 
- Functions and Limits 
1.1 Introduction: ae g 
- The temperature at which water boils depends on the elevation above 
sea level. The boiling point drops as you ascend. Also interest paid on a cash 
investment depends on the length of time for which the investment is Held, In 
both the cases the value of one variable quantity which might be y, depends 
. on the another variable quantity which we might be x. Sin¢@valuc ofsy is 
completely determined by the valuc of x, we say that y is a function of x? 
1.2 Basic concepts : 
1-Quantity : oft 

Anything that can be measured or counted is called ajquantity . length, 
mass, volume , time , age are examples of quantities™ hese arevof two types: — 
i-Constants:.: hte es ee 

A constant is a quantity which retains the Same values. throughout a 
problem .i.e., the quantity to which we cai not assign any other value. e.g., the 

- sum of angles of a triangle is a constant, ‘ 

ii-Variables: ~»y- 

Those quantities which govon hanging during a given interval of time 
and consequently assume an unlimited numbers of different values. 
Kinds of variables: ¢ a oe . 

‘ (a) Independent variables : <9 i 
The variable§ which varies independently. i.c., the variable in which 
the changes(in_valucs) produce. corresponding changes in other 
variable. ; ee, aie | 

-(b) Dependent variables ; 


-. That variable whose value depends upon the value assigned to 


the 6thet.variable. ¢.g., volume of a sphere is given by V = < tr 


Varieswonly when r (radius) varies. So , r is an independent variable. 
Where V is dependent variable . . a | 
1:3 Function: aes | ee , 
. If two variables have some relation with cach other, then dependent 
variable is called function of independent variable. i.c., . 
Ifa variable y depends ona variable x in such a way that cach-valuc of x . 
determines exactly onc value of y, then we say that “y is a function of x” 
The usual notation to express that one variable y is a function of 
another variable x is. | 
y= f(x) or y= g(x) Cte. | 
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: A function with two or more independent variables is represented by 
1€ symbol f(x,y) or &(X, y, Z) ete. | 
Example I: 
Area ofacircle is givenas A=nP. 
2 
Since A =7 r* varies as r varies ,so Area of the circle is a funetion of ‘r’. 


2. 
The equation A =z ris a rule that telis how to calculate unique output of - 

- for each Possible input value of radius r. 

Note: i. The set of all possible input values of the radius is called the domain 
of the function. . - 
ii. The set of all out a valle of the area is the range“of.the 
functions. 

Example 2: 

Let y = x* + 3x +2 be an equation. Since for each value Of X there is 
stig a corresponding value of y, therefore ¥ is Said to bg a function 
of x 
There are some examples of Sndiion. 

y = six? x 
Inx 


x. ; .* 


ye ee 
14 Evaluation of function : 
A function y = f(x) can be evaluated by substituting that particular 
value in place of x in the euypn funcsion, 
Example 3: 
Suppose that the function f is Nes ned for all real numbers x by the formula 
f(x) = 2(x-1) +3: 
Evaluate f at the input value, 0, 2, x + 2 and f(f(2)) 
Solution: ; ; 
In each case we substitute the given input value for x into the formula: 
for f. ) - 
KO) EAOF 1)+3=-2+3=1 
f(2)=2@ -1)+3=24+3=5 
(x HP) = 2(x+2-—1)+3= 2x +5 
f(f(2)) = 22) — 1) #3=26-hts=11 


le 4:  % 
Example e £(3)— (2) . 
If itx)= 2x x? + +4 x +9, find the value of —1)+ Fo) 


Solution :. Since f(x) = 2x 274+ 4x+9 - 
) f(0) =2(0) +4 (0) + 9= 
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Me . 


(or. cre ee” ale ? 
ff-1)= . 2-l)+4(C-1)+9 = 
2 fh = 20k $449... #39 
f@)-fG) «39-15 24 38 
f(—1)+f(0)..  . 7+9 16. 2 


- 1.5. Algebra of Function: 


Like numbers, functions can be added, subtracted, multiplied, and 
divided (except where the denominator is zero) to produce new functions: 
If f and g are function then for every value of x that belongs to the 


| domains for both f and'g, we define functions f+ g, f— gandfgas - 


(£+ g(x) = flg) +8) : oy 

(£- g)(&) = f(x) - aff) | 

(ex) =f). 2) . » 

At the point at which 9(x) # 0, we’ can define the function f/g by the 
formula. ; 

| (x) = f(x) where g(x), 0 

g g(x) ‘@* 
Function can also be’mu 


Itiplied by a real constant say c. Then function * 


_ ¢f is defined for all x in the domain of f by. 


f(c x) = c A(x) & 


Example 5: g\° “ 
If f(x).= Im, Prove that 
i OTR) FCG) = 1)- Fl). 
Solution:) - 7 
f(x)= In x 
i f(p q). = In( pq) 
=Inp+Ing 
_ = fp) + f(q) 
a [2 =In | 
q q 
=Inp-Ing 
= f(p) - f(q) 
Example 6: are 
If f(x) = Sin x. + Cos x, Show that f(x +) = - f(x) 
Solution: i. 
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Since f(x) =Sinx+Cosx . | 
f(xt+n)- = =Sin(x + 2) + Cos(x + 2) 
= sin x cos m+ cos x sin m +cos x CoS 7 - sin X sin 7 
= Sin x (-1) + Cos x (0) + Cos x (—1) — Sin x (0) 
=-Sinx—Cosx' ° 
; ‘+ 3 = —i(Sin' x +:Cos.x) 
f(x +7) =—-f(x) . 
1.6 Types of Functions and Their Classification 
1.6.1 Explicit and Implicit Functions 
Explicit Functions : 
. A function which is given in terms of the indep(aden variable is 
called an Explicit function. 
It can be expressed as y= f(x), 
where y is’ ‘dependent variable and x is an independentwariable. i.e., 


i y=x" +3x-8 
il. y= Vx? 42x 
iil. y= i tsin 2x 


Implicit ‘Functions : 
A. function which can be written: in terms of both dependent and ~ 
Independent variable is called an Lmplicit Sage 
It can be expressed Apa Ry) = 
ie, i. X' +3x7 + 4x9" + yh = 0 
ee fr sin y +¥ COs x = 7 
ill. Sin xy+ y~- =x 


‘ Note : Some impligit functions can be reduced in Explicit functions e.g. 








3 
! a 
° 2 3 5 
xe vy EK W= 2 . ~d; = 
(i) xX" TAK Y= a can be reduced as = e+ “ 
7+4=0 b d Lay 
ii -x +4= ; y= a 
(ily y —Ky -X can be reduced as “y= 


L. 6.2». Algebraic and Transcendental Functions 
Algebraic functions are functions y = f(x) satisfying an equation of the — 


form Po(X) y" + pi(x)y™" © rae Petl(S) YF P(x) = 0 
Where po(X); Pi(X), +--+ ++: , Pn(x) are polynomial in x 

2. 4 ‘ 
i 34 3x7 + =+—45 
‘ e y=x eta 
il. y=a x? + bx+c 
’ are examples of algebr aic functions. 
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On. the other hand transcendental functions are the functions which 
are not algebraic. 7 


Le: ds Trigonometric functions 
; - SiN X, COS x, tan x, cot x sec x and. cosecx 

lt. Inverse trigonometric functions 
sin’'x, cos’'x, tan’ x cot’! X, Sec x & cosec" x 

i, Logarithmic functions 
log x or Inx 

iv. Exponential functions _ 

a ande™ ~ 


are examples of transcendental flinctions. 

1.6.3 Even and Odd Functions — 
Even function : A function f(x) is said to be an Ever funetion of x 
if for X= X = f(~x) = f(x) 
For example f(x) = x’ and Nx) = cosx _.are even functions of x 
As f(—x) = (- x)" = x* =f (x) 

and ’ f{(-x) = cos (-x) = cos x # £(X)e . 
Odd function :.A function f(x) is said tobe am Odd function of x 
if for x = —x Sef fx) = — f(x) 
For example f(x) = x” -and: ANE sin x are odd: frictions of x 


As” f(-x)= (-xy = -¥* =9— f(x) 
and = f{(—-x) = sin (-x) Sin ae = “ 
Example 7: 


Detennind which functions are even, odd or neither.- 
a. f(x) = yee 7m 


b. £(xPes 2x" \ 3x° — 
Cc. f2@)= 4x? ie: 
Solution: 
WA) = 2(-xY ~ 9(EX)- 
; ae =-2x? + 9x 
x ( Ix" —9x) _ 
" = — f(x) 
Sof is odd 
b. ..  f(-x) = 2x)" -3(-x) =f 
2x" 3x7] 
= f(x) 
So f is even 


ce... f(-x) =4 f(x)" T(x) +6 
“4x? +7x+6 # f(x) 
# — f(x) 
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6 Pe cand Lines 
The result is neither f(x) nor —f(x) for all values of x . So fis neither even nor 
odd. 


7 nf : 
Note: cosx , Ssecx are. Even functions of x and 
sinx , tanx , cotx , cosecx are Odd functions of x 


- 


Reareise 1.1 





VO: @ If f(@)= - 7 - find (3) (ii) If f(x) = 3x” — 5x +7, find f(4) | 


. : ee 1 
oe Find the value of { =), if80) = 
e) X x" +4 


f f(x) = 3 x? +2x? —x + 4, prove that 2 f(3) = 25 f(1) 

Given f(x) = 3x° -ax’ +bx + 1, if fe 3 and f(-1)=.9, 
Find the’ values of a and ‘b- . . 

(a). If f(x) =a", show that 


() R= Fy G_ Uo%y)= feo fy) 





(b) If f(x) = log x , prove that {6x9 = a f(x) 


If f(p) =p t+ s Prove the following results: 


Wy. -,({1 
tp) Aap) tii. {+} 
a. Ce Ea) 
PE) = Ex sipw that RE eT le) f(y) 

Sirti | a en 
jfat(j=——, show that f = = f(t) 
7 an 
f(x)-fly) _ X-y 
| + f(x) fly) I xy 
or og X+1— 
Q.10: .Prove that f[f(x)] =x for the function f(x) = ot 


= ; ; show that 





iff(x) = = 


Q.11: Are the following functions even odd or neither? 





/ ss! : X 
(i) f(x) = 4x? —2x +6 ' : (il) f(x) = x2.+ 1 


Mii) (x) = 2x4 3x7- 1 iv) FQ) = x VRF = 
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7 LE ea 
ar err _ ‘J 
Q.12: (1) Show ina ‘e*—] 1S anodd function of x. | ou team 
r - att] ON 
(il) show that = x. = is an Even function of x: fe Se 
a no = —~ geld 
+ i 
Q.13:- If f(x) =-log prove that _ {60 + fly) = { = oF 
Lexy. li => 
| Answers we 
* * 2 ‘ 
QI) 6 (ii) 35 Q2 —*. 4 a=-2 baM6 
7 1+ 4x ee i 
. . * Dive ; = a 
Q.11 (1) Neither (i1) Odd (111) Even (iv) Odd - z 
‘ .P s . . y te , 
| LIMITS pest 
1.7. Introduction: = ( po ie a _ 


The concept of limit of a function is once“of the fundamental ideas fhat—' 
distinguishes calculus from algebra and trigonometry. The concept of limit is 
the foundation of almost all the mathematical analysis. A good understanding 
of limit will help to explain many theoriegof calculus. 

1.8 Value and Limit of a Function: 

There are two ways of studying a function. One is to find the value of 
y, the dependent variable for various values of x, the independent variable by 
actual substitution in thée*functional relation between the two variables. 
Another method -to’ study/the behavior of the dependent variable in the 

_ neighborhood offvarious values of the independent variable. The former 

method is finding the value of the function and the later method, which gives 
us more detailed information about the function than the former, is finding the 
limit of the function. | 
1.8.1 Limit of a Variable: (x _ 


‘ipa variable * x’ approaches a constant ‘a’ such that the absolute value 


of the difference x - a becomes less than '€', any +ve number, however small, 
then ‘ais called the limit of x and i is 5 daeroner | written as X 7 a 
and read as “x approaches a” or “x te nds toa” 


For Example: 
| a [i l 
Suppose that x has the walks a 10 22 t [gts ns OF io 


t-"9 l 
Sixes the values 10°10?" 10° —+ 0 whenn-> o 


Hence Xa 
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1.8.2 x approaches to or— 
If a variable go on increasi 
_ number, however large, then we say that x 
- taken by x becomes smaller and smaller an 
number, then we say that x > — © © 
1.8.3 Limit of a Function: 
If a function f(x) is defi 
approaches a given number ‘a’ i 
definite number '£' which «is called the limit of f(x) as 
; symbolically written as: : f 
Lim f(x) = | c 
x—a 
e. when x is very near to ‘a’ then f(x) is very near to t. 


1.9 rheaieet on Limits of functions: 
Let f(x) and g (x) a are function and k be a real ntimber, then 


ng <r the values are renter than any real 
_» co, Similarly when the values 
d are less than wey negative 


ned for all values of x in some interval and if x 


n that interval then f(x) may approaches some 
x >a e is 


LY Constant Lim k=k 
K- = 3 <a“: 
2.’ Sum rule ‘Lim [f(x) + gx) Lint f(x) + Lim ae) 
x>a 
3. Difference rule Lim [f@)- 2(x)]= ‘im f(x) — is g(x) 
. : xa Xa 
4. Product.rule’ Limeh/(). 20) = tim ee (x) co. 2(x) 
: +h XBY 
5, . Constant multiple tule So ALim Caen % Lim a0) 
ee xa 
' + Lim fix) . 
; fi 
' 6. Quotient rule oo ron ‘Lim #0 where g(x)#0:° 
f , oes 


7. «» PoWerrule If nis scent [f(x)] ‘=(Lim f(x) 
ore 


1.10. Evaluation of limit of a function: 
\For evaluation of the limits of algebraic functions, there are two most 
important inethods (a), direction method ( °) indirect method 


(a) Dircct Method: 
In cases, where values of the function does not assume any 


indeterminate form by putting the value of x directly-to which it tends, 
in the function. The limit of the function is obtained. 
ate ; The indeterminate values of the function are of the form 
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Example 1: Evaluate Lim(x? + 2x) (Direct Method) ~ 
x3 


Solution: - Since the limit is not indeterminate form for x = 3, so put 


directly Lim(x* +2x)=3? + 2(3)=9 + 6 = 15 Ans 
x3 
(b) Indirect method: 


Suppose as x—>a, the given limit is of the foPm 0/0 “Le. 


indeterminate 
' Then we use the following methods : 
(1) Factorization (2) Substitution (3) Ratianalization 
(1) Factorization method : 
1* Step: Make factors of numerator and denomiinatot. 
a Step: Cancel the common factor x >& (called disturbing factor) 
from numerator and denominator, 
a Step: Put x = a in-the remaining funetion/which is the required limit 
of the function. | 
' xt 
Example 2: Evaluate Limn—\— 
: x1: Xo xX) ; 
Fat oth . aS 0 
Solution: Given Lit Fs — is of ( — form) for x = 1. 
‘ XE x ex. 0) 


Factorizing,the numerator and denominator we get 
af . : 
~S Xpix-2 = (x=T)(x +2 
Lim—.——- = Lim (ee +2). 


xl Xx” —X x1 x(x -) 





‘ eae / 
= Lim 
x] X 
L-+2 . 
. “7 oe Ans 


(2) Substitution Method(h- method): 


Sometimes it becomes difficult to make the factors, then apply 


. substitution, as 


1* Step: Put x =a +h in the given function. 
a Step: : As X >a ‘ h—> 0. and simplify. 
" www. YouTube.com/AdeebTechnologyLab : www.facebook.com/Adeeb.Technology.Lab. 
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10 - 
i. Step:... Cancel .h . (the disturbing factor) from numerator. and 
a. ee 
4" Step: Put h = 0 inthe reduced function which Ewes the required 
limit: : 
x? = 4x" +9 7 of _ 


Example 3: Evaluate Lim 
x93 x" = 25 


gush Q-% 
Solution: Given limit is of indeterminate form A for x =3 


Put eels hee 98, h—0 | 7s 
x pax’ +9 code (3+h)*> eee 


“Lim x2—-x-6  h-90 +n)" =G+h)-6 | » | 
a oes h- a wt | 
m0 -. f*+5h 

aT "Siniis 


LS 

—h90 bh’ Sh 
h(h? *+5h +3) 
h0- h(h +5) 

* oh? safe 04045 os 

= ———— >——_ (putting h=0) © 

Ras eT ead a 


(> “ 


= 5 iy 
fe 2 , : | 
(3) _ Method of Rationalization: : “é ' 


0 
In the case of irrational functions, if limit of f(x) i is of the form 0 1.é., 


‘ 


nidererminate, proceed as under: 


1% Step: . Rationalize the numerator or denominator as the case may be. 
2™ Step: . Cancel the common factor (disturbing factor) from numerator 
and denominator ic, x-a if xa 
3" Step: Put x. =a in the reduced function, which is-the required value 


of the given limit. 
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www.sSalmanAdeeb.wixsite.com/DAE-Cit-books www.facebook.com/Gctpak 


1] 


Example 4: Evaluate the limits: | | 


WOME Gy jg fine 


wes ay (ii) :. 


Solution:(i) . Given limit Lim . = as - B is ati form) for x=0. 
x—0 
Rationalize the numerator. 


» Gant firrinaneres,. 
Lam 
ir | x0 ia Vee 


2+x-— 2 


=in ———_—_—_—_— ee pte 
x0 ice early * 


oeee Fane 


Ling ‘ae ee 


x90 X aE 
V1-X¥-V1LPx 0 


Solution: (ii) Given a Lim IX =V1PX., 0 form for x = 0 
~ + XO >. 0 ‘ 


Ans 


Rationalize the Pumagiog 


Mi=x= = : Vi=x-Vitx , Ni=x+Vl+x 


Lin ——>——= = Lin, 
x0 +30 XS ys al x +N1+X 
were we 
x0 x(J]— x +V1+x) 
—2x 


| ol STRAT | 
= Lim——= 
x30 VJ1- — 


—2 2 “2 
SSC 141 2 
ik lad wie hee ; . ~ 
x0 : X. * 3 - 
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1.11 Limit when x tends to-infinity | 
Consider a function f(x) defined for large positive ( 
of x as increases indefinitely in the positive (or negative 
value of f(x) approaches a number ‘bh’ then the limit-of f(x) as x Incr 
decreases) indefinitely is equal to b, denoted as 
Lim f(x)=b .- or- Lim [{(x) =b 7 


or negative) value 
) direction. If the 
eases (Or 


xX —>+00 xc -@ 
, ; ad ae ‘ee nine 
Note : Lim — =0, Lim —=0;Lim—=0 © 
XK X Xe X x0) X 


1.412 Evaluation of Limit when x tends to <; 


gi ml 
When x —ooand the limit takes the form —, We can use two 
. 


methods. 

Method - I: ; of 
Divide numerator and denominator by thehighest power of x 
Method - II: | , “ 


I <: a 
Putx =} , then when x 90, Ye. 0" 
Example 5: ene. 
ue! Pig eh tig te Sat T 
Method — I: Find » Lim 37 45x -1 


X—>00 
Divide numerator and Denominator by highest power of x 1.€.; x 
S ies BAGS 0 ic 


27 Tx? 
2 Liine= 85 
Xo 3+ ir) 
, 1 4 
Lim |9-=4+-3 
7 Lim (2 — “22040022. yy 
oe Lim (s 3.2) 7320-0 3 we 
' ) adeika at 
 Method-Il: , ) pare, . 
Put Le : es gore 
. . . 
oie | 
When < ee, gene 


So, 


_www.YouTube.com/AdeebTechnolagyLab www.facebook.com/Adeeb. Technology.Lab 
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Pe) pad 0. 
' 2-30) 490J- .: 2°, j "f 
Tc) aoe peek, Care / 
Example 6: : 7 ON De =: 
3 ; x -1 "a : 
Evaluate Lim 


sen EO : “af a a 
Solution: 


We first divide numerator and dénéminator by x and get 














x 
Lim 574], = Lim l 
Xo - X00 “94 -- 
x 
] 
Lim - oc 
ha ees Soe oe ‘Aine 
ie Lim ( :) a, SES ea 
x00 2 x 
| Exercise 1.2 
- Qa: Evaluate the following limits 
ae iy op. > ee ee a 
x- ot 2 
é eae . 4x+5 : ge Cae a 
(iv) Limv25— x?" (vy) Lim ——.. (vi) Lin™ 
ui x73 ES x eee 


Q.2: Evaluate the following limit 


www.YouTube.com/AdeebTechnologyLab www.facebook.com/Adeeb. Technology. Lab 
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yitx -1 
ya 
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(ii) 


x 0 
iD Ln SSS 
x me V4+x — 2 
sa (i- h)*= 1 
(v) Lim one ye 
s f=s 
Q.3: Evaluate vie following limits. 
(i) Lim ——; 
xl tea 
‘ es. xX+7 —3 
(vit Lim 
‘ | eZ 
Q.4: Evaluate the following limits. 
| oo he 
oe 
gl 
(ii) = Lim <> 
x" l 
x—1 
x203x-2 
5 adil 3 —x-12 
(vii) MY 
Sut x? +4x4+3 
Q:5;_ Calculate the following limits. 
q 
% x3+8x7+6 
Lim at r= Bx 
- Lim 3x7-5x+1 
(111). ee 
xe CR EKA 
Lim yx” - | 
(V). x0 3xt] 


www.YouTube.com/AdeebTechnologyLab ~ 


x-a 
xeol 
4 ~ VX - va 
Gy) Lim 
mf 
® Lim — 
=1.* 
ir X35 K-Z: 
(iv) mM x7-3x +2 - 
7-50 
ws Lim x--5x+6 
Wb x3 x-3 
(ii) Lim 2x°-3x+7 
al ~ 
; x =seo OX - 7X - 9x3 
“Lim > 8+ 1° 
(Iv). . ance. 
x —-oO wX- - X\ ‘ 
Lim 
al (a/x7 +] - x 
i). ORT) 


Functi and Li 


* io 


Lim 
x 20 
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Answers 
Q.1:. i 3 ii. Zero iii 4 +. iv. 4 
Vv oe) Vi co 
eae 1 
Q.2: i > ty 1/4 ul. ” iV. ox 
43 
Vv - 2 vi -— ; 
2 * 
| ' 4 
Os: 1 es = lil — iv Co 
4 6 2a/a 
. eee 3 : 
Q.4: 1 8 ii 2 ili i iv a: 
| ; ror ae: ) 
Vv = V1 vil = 
2 ~ 2 
os: 1 1 Se OP Ea. g 
O35: 1 4 il. 9 iii. 3 iv, Ayer Vv. 3 (Vi 


1.13. Some Important Limits: 


1.13.1 Prove that 





Lim 
“x30 


Proof: | | i 7 
olf we substitute x = a,.the function is of the form 9 and is not defined. - 


Let x =a+ hand limit h tends to zero 


x - a" (a+h)?- a! 


x-a ~ (ath) -a, 


Using binomial expansion 


, ‘ n(n - 1) he DF n 
a+ na'h+ >, a he + stem arantucres -a 
= ; at+h-a 
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= n{a™!+0+ DP oxcdicnies hyve } 

Lim x"-a" 
Ss ean eee 
1.13.2 Prove that: 

lim 22 


g ‘= 1, where @ “is{n radiah. 
' _8>0 bs sae 
Proof: 


Let r be the radius of a circle witlcenter at 0 such thatm 7 AOB = @.. 


Where 0 is.in radian weet - 

_ Draw the tangent at A®Pfoduce OB such that 
It meets the tangent at T.WAlso join A and B as shown. 
From the figute, iri right angled triangle OAT. 


AT 
OA wtan 0 ; : 
=m, .AT = OA tan 0 ‘a OA=r 
AT= x tan 0 ies 





Also Area of triangle OAB = 5 r’ sin @ 


Fig.].] 


Area of sector OAB = ) r’@ 
Avea of triangle OAT = 2 OAx AT=>r tang 
Now from the figure it is obvious that 


ven of A AOB < Area of sector AOB < Area of AOAT 


D) I 2 I 2 
FP sin <5 O<5r tan @ 


tw 


| | .Technology.Lab 
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| 17 we aoe 
Sin0<@ < tan 6 | | 
Dividing the inequality by sin 6. 


l 
SAT er: 
Or ind, . 


When §—; 0, cos 6— |] 





oe Lim Sin@ 
60 6. ‘. (By using Sandwitch theorem) 
. Hence, Lim Sin 6 cre 
6-0 86 
‘3 11.3 Prove that: 

Lim ( Ay 
, n-r00 “h == 2.7185 | ‘ 
"Solution: : : 7 . ff 
'_. Expand using binomial serjes | 


= a5 2 1 ] 1 £ ] y 
pga Tas a: 31 n(1-4)(1-2)4 Hei 
wef (rt) i NG, 2 
i ) G-t+z (0-4 (1-2) + oe) 
Now 
Lim 1 Lim 1 ty. i rn 2 
S| ; = al? +3i( 1-4) +3( 1-2)(4-2) }s uscd © 
Wh 1 2 x a 
mnn—-oa Nn? n?n? — 
Lim ition 1. 
Mm (143) =245) +3 + Beale Ravase toma ratie 
~ it 
ane (+4) =74{2= & 
n—oo ny 
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Chapter#] 0 CCCCéFuunccttions and Limits 


Example 1: Evaluate the following limits 





Lim 1 - cos@ im sin p: ; | sec x 
: — 7 Lim sin px Gi tien 
x0 4X x= a/2 tanx 
Lim ba i 
IV. + 3x)%y 
‘sh (1 +3x) "x 
Solution:i tee, 
Lim 1:- cos . Lim. 1-cos® 1+cos0 
eae 80 8 X'1+cos 0 
_ Lim 1-cos*8 _ Lirt® “\sin? 0 
8-0 6 2{1+c0s 8) ~ 6a 6'(h+ cos8) 


Lim [_sin’é “a 5) 
. e001’ 07. *44+\cos6) 
7 [ame sind fad 
‘7 8-0 @ dk ec 
2 % I 
a ake Le | a, 
Lim sin-px ‘ 





ii. 











x0 qx. 
Solution: — ~~ 
- singx | sin px” p 
: qa PR. @ 
Lim ‘sin px _ py Lim sin px 
x0 4X q x0 px 
By ek 
q. q 
, Bec x 
ii © Lim 
oo x— 7/2 tanx 
Solution: 3 
secx .. ; 1. 
Lim’ ,—— = Lim = °S*-= Lim - 
Pe ee 
sin 7/2 1 
Lim 1/x 
iv. (1+3x) * 
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CHanempyen |” A nition anette 
N 
Solution: 
Li ' : 
im (1 “oxy ” Lim (1+ 3x)! T 
0 Ly x0 


’ : 1 
put 3x = 7,2 aS X —+0,n—00 
3 


‘ ? n 
ae [a at = Lim (+4 =%) 


air Exercise 1.3 
Q.1: | Evaluate the following limits. 








ce » 7 
4, sin79 | Tee Ge oe 
ies Tag BE on a 
- .6> 0 G : . x90 Xx 
2s _ tanx | 4 tan pq 
(ii) = Lim Gv) ‘im 
", eh & % 9779. q 
ve LS a A _ |=cos2x 
M) : ae ~~ QOD Lim 
0-30 Osin® - ~. x30 X 
, . 1—cosx bid _ | a-sinx 
(vii) - Lim - (viii) Lim vahaeer 
- x90 sIn”x ry x—>Q cos” 
1—cos p§ : .__ tan@ —sin9 
(ix) Lim __ Je } (x) Lim cS ae 
+0 17€os qo ete | 60. sind 
Lim tanx-sinx Lim cosecx-- cotx 
(xi) —_ 2 % ee 


Ot. i 7 (xil) . 46 7 


Q.2: /Eyaluate the following Enaits; 





tn. Lin “ay 
We tum Gu 4; xis (i1). a (1 -4) 
\f k- ; i 
a \X. - Li ~ 
Pi (4 7 (iv). im ( +3) 
Xx—00 8 X00 
ia (1 ‘aa + 


‘Q.3: Evaluate the following limits. . , 
(iek eo Sh | ee 
(i) Lim h meg ae  aanrags : 

h—0 . xl - 
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| 1 
CLP. 3 a il. oe) iii. I IV. | P ve 9 
" , 2 "1 
oe as : = 
Vi. | 2 vii, . 5 vill. 1 IX. . X. 9 | 
oy d 1 
“1. 5 X11 5} P , é 
Oo: * I. e ii. ee” tie de ow. e 
ea 
3 3 2 «= on m 
ot 3 pee Lae 
Q.3: d r ll . a, 





od 
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‘Short Questions: 
Write the short answers of the following: 














QL: If f(x) = 3x? — 7x +4, then find f (4) 
t Pag Ek : 
Q.2: Iff(x)=2xV1-x, find (sin 6) - 
2x 
Q3: lf "7525 _ Find (tan A). 
. P 1 : 
Q4: If fx) =7y.- Thenfind.. f (fg 
Q.5:, Show that the function f (x) =x*+7x*+ 7 is Bet furiction a i 
Lt x°-2? ad 
Q6: If . 5 - ~7 = 80, Find the value off 
. ; x33 \ 
~  Q.7: Find the value of Lin ~*~ 
x37? X°S3x+2 
oP Le ats got ys . eee Ree 
Pres tat I NOY im SS 
, x3—1 
.10 Lim 
: Tox Vd -4 
we te (2x 5 x - 
Q.1l: Find, ¢,, (4x - 5)(5x - 6) 
; Lt 2X \t/x 
O.12: Ei i a" l <3). 
>, Yo 7 ... 
Q.13: Find ( ar: 7 
| “Po. lt. sinx® 
Prats Find x40 x | 
, . I/x r 
; Lt X 
QS: Find the value of , 9 (1 + x) 
‘ am Answers , 
2 4 
“oi SEE. 92: sin 20-(Ans:) Q3; sin2A 08. = 
Q.1: "xX | 5 
‘ 1 Snae Ry 
Q.6: n=5 OF: 2 Q.8: 5 6 Q9: We » QWs 23 
nae . | » me wae : 
O.11: 3 Q.12: ee Qiz:e  Q.14: * 75 O15. « 
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Objective Type Questions | 


\ En¢ircle the correct one of the given answers in each item. | 
1/ - A function f(x) = x? 2x +3 is ‘ 





(a) Odd — ¥ (b) Even 
(c) Implicit A Explicit 
O Pw “Which one is the periodic function: ; | 
(a) x?+] : a (b) 2x a 
(«Sin x @ x. 
3; Given f(x) == =} then f(2) = 
er ee, ee (‘MY 2 


es ee CH): 
Lap . la IF fix) = 3°11 then f3) = es : 





eee aa | —Qw 0) 3 
(By 26 | . 2 %6 
5 on (1 +x)! , at 
@ Pe ee YS 
(ye ra ; , (qd) i 
6: x= De jeer 
n—2 2 Le 
(nyZE] git (b) - 2 
()? ® ae ey dyes 4: 
7. Tr = : rn 
2 J | 
C Reyer we . ‘ (b) i ¢ 
Si xe ee, | Ce hao ne TDS, OK 
8 13 Cos x= : 
3 ‘" "A : 
Cm e a | Py... 
| ‘ 
| { 
(c) 0 ¥ me ' > (@) V2 
Lim Sind _ oe ae 
| 9—7/, _ G = 
| www.YouTube.com/AdeebTechnologyLab www.facebook.com/Adeeb. Technology.Lab 
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(a) 1 in (b) 5 
rT 3 dj > 3 
Lim - 1 


10. —— = 
6—7/, Cos@ 


(a) 0 7 | Oia 


ES - Answers 

Qf Db Bo Or ge QO 
(3). Se © -a- .M  €N® 
QY)-- «© (10) b : 2G 


oS 
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; Chapter 2 


-_ | Derivatives 
2.1. Introduction: | . | 

Derivatives are used widely in science, economics; medicine and 
computer science to calculate velocity and acceleration, to ‘explain the 
behavior of machinery, to estimate the drop in water levels as water 1S pumped 
out of tank and to predict the consequences of making cross 1m measurements. 


Finding derivatives by evaluating limits can be lengthy and difficult. 
In this chapter we develop techniques to make calculatingederivatives easier. 


Increments :. 


If a variable x changes from ore fixed value x) to another X2 , the 
difference x2 - x; is called an increment of x. In general an incement of x 
may be positive or negative , and it is denoted by the symbol 6x, and 
read as “delta x”. Similarly, Sy denotes asincement of y 
2.2 Definition of a Derivative? 

| Let y =d(x) bé @ function of x , then 

-  §y f(t Sx) — f(x) 

lim — \fuy—__————__. . i 

6x0 OX “dx-0 ‘Ox | if it exists. 


is called thedifferential coefficient or derivative of y with respect to x and 
. dy | wl eho ) = 
it is denoted,by az. y! or f(x) or y = Dy , where D 7 


The steps for obtaining a derivative are as follows: 


Consider the function y = f(x) . 

N Give increments to x and-y to obtain y+Sy=f(x+5x). 
2 Subtract to obtain } 5 y= f(x + 8x) -—f (x) 
= oy 7 by _ fixt+dy)- f(x) 
3. ‘Divide by 6 x to obtain Pg - 7 
ede im dy lim f(x+8x)- 

4... Take.the Limit to obtain se f(x +6 x)- f(x) 


6x0 8x 8x0 5x 
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i Chapter #2 __Derivatives | 
If the limit exists it is called the derivative or the differential coefficient of the 


‘function f(x) w.r.t. x , it is denoted by &. or f' (x). | 
The process to find the derivative from the above four steps is called 
differentiation by ab-initio method or by definition or from first principles. - 


Secant Line: 


Any line through two points on a curve is called a secant line. 


: i si 2 
2.3 Geometrical Interpretation of a derivative — Definition of 3 


Derivative ; 
If y = f(x), then the value of dy/dx at x =a is the slope of the Tangent of | 

the curve represented by y =f(x). 
Let P (x, y) and Q (x + x, y+ dy) be any two port 


s onthe curve 
y = f(x). Join QP and produce it to meet the x-axis at Re ; 





‘ ' 





Lb: Mt | 
PL. OM and PN have been drawn perpendiculars as shown in the 


. . si _ Oy. . 
fire wGlearly, PN = 5x, NQ | _ 
@ —_ NQ _ 9Y 45x > 0, Q— Pand the 


J if ZQPN= @ then tan 0= ar as 
s tangent at P. Suppose the angle t 
S is denoted by ‘, then . 
dy dy 
= | = Lt —=— 
tant = ap an 5x00X dx 





i t hat the tangent at P makes 
line QPR become 
with the x-axis at. 
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, d 
1.e., Slope (or ssdittent of the ‘nae at t P(x, y)= = the value of the 


differential co-efficient at P(x, y). This way of stating the slope of a curve is 

. called Leibnitz notation. 
: lim f(x+8x)-F08) _ orgy 

6x0 . &x ba 

This way of stating the slope of a curve is called Functional notation. 


The slope of the curve at P =: 





Examples]: 
Differentiate by first principle (ab- initio) w.r.t. X 
; 
@)oy=x. @) yas Git). =. 
| a 2 - > e. | 
| IV). re Vx+l Sas y= x X 
Solution: (i) 
a ce ee 
yt+Sy=x+5x 
Spy ie PB 7: => dy = dx 
) Wy VF Hx 
| . 8x ‘ 5x 
Lim — Lim | 
5x->0 5x0 
; = dy _ 
o dx 
Solution) y =~ ; 
ye 


yt by= ei 
bs ah 
eee ety 
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Chapter #2 ; Derivatives 
Sipe x? - [x? + 3x7(8x) + 3x (5x) + (5x)"] 
x"(x + 6x) 


2 -3x7§x - 3x(5x )? - (dx ; 
x"(x + 5x) 
By _ -3x?- 3k(6x) - (5x? 
8x x(x + 5x) 
Lim Sy _ Lim = 3x" « 3x(6x) - (5x)’ 
X"(x + 5x) 


x—o0 6x .x— 0 


Solution (iii) y=\kx 

| y + by =x + 8x. 
yt by y= Vat ix - yk 
By = fx + ox - yk 
Sy VX+8X ~ yK 


x 8X 
by VX+5K “yK) VX+65X + VX 
x —t~™ ww * VET OR + VE " ie (By seit ici 
: X 66 X-X 
Rayne ex +X ) 
Lim $y / Lim 


x—7096x ORR 
he 
ee A 


1 


Ye et: 
Solution : ro Lc Vx+1 ; => y+ dy = x +5x+1 


pe oe l 
+ 6y-)y 2 oOo _ — -_ > 
i fae a rare rare Vx+1 
yx +1 —x +8x + 1- 











sy =~ X 
Vx +6x4+1 yx-1- 
www. YouTube.com/AdeebTechnologyLab www.facebook.com/Adeeb. TeCkhnology.Lab 


so a 
2 ey] 









« | ft - a . rf 
i ae aaa a day eae 18 wv a .facebook.com/Gctpak 
is Oi 7 » “Derivati 
Chapter #2 ae = Me “Derivatives 





ii x- 0 $x—1 


oy = ce S5x+1 . +x nae + x+1) +4'x+ 5x41 ) 


Lim ¢ by = Lim 


\V" | x0 Ox “x-90 wee lyaz ae +] efx + Ox + +1] 





5 
ue x dy = 
ek ts a Pe ey Ivan] +] fe -i Test +1] 
| f 4 > s a dy mike aon ah 
Ne dx _ (x +1)# (2¥x+1))°. 2(x +1)/% 
il p ace Ve 1 = on ? 
Solution:  (v). - fx Pa 
4 aah m 
pos Ly. S os : an as 
oOye Wr, 4 oy = = +. ‘a aa 
\ ea (X FOXY + (x 4 Bx 
X “fi 2 = > SO 2 ] 
fey im lk peilave = (%° + 8x)? + ONS “2 
yee KN oN Se 
fF 4 8 by (x oxy 3 py ORY ait 3 


‘tet ba ee K pwr ox)! 7" 968 


- ete 
yee + (8x)? hn (Be) = X eee 
x = x ?— (x — 2x(0x } 
NG x + (xi + 2x (Bx) +> (K+ OX) K 
x (6x + 
a (5x)* + 2x(6x) _ clint fe) 


dy _ dx{(6x+2x)] _8x (6x + 2x ) | 


5x —stiéSX ~ Ox (x Tomy % 
Lim by _ Lim “Lim -_ 6x + 2x 
+ Sas 3. MRE 

x0 6X x3 9 6° Ox 2x) ~ x—0 (x + 6x)” x 

5 2x ia 2x 
ee ieee g ; 
“dys, 2 

EY ae - 3 

dx x . 
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Chapter #2 Derivatives 
, Exercise 2.1 . -_, 
Q.l Differentiate W.r.t X.ab-initio. “—~h = AL | 
Le 3 t Lae 3 <n a 


X . nih “> +." \ik 


‘ 2 5 . 4 ‘ = | 

eH | 4 . 9s | 

. oe. ts Ae Bee vi =x 9 | 

J : Find the derivative from first principle. | 








| 
i . 2 | 
AL) Bee oe zp ii =(¥+4)3 | 
Answers 2.1 
“oh x. em =. i -— | 
| | | x” ete | 
2 9 ] Vj 4% 
= OM, —e « ¥ a ee | 
3x/5 Axi 5 . 
oa oe 1 ae: 4)- - 
O22: 4 _ 3x > il oaek 8 m =i ) 
2.4 Fundamental Rules for Differentiation | 
Rule 1: | . 
Derivative of x" (power rule) ey te +e. | 
“Lea y=x”. ot iced, Ae 


y + dy =(x + dx)" . | | 

n Ox ee n | 

dy =(x+6x)"-x" =x (ia Pe 
5 


rh 3 
a o 2¥ - 
sel 1 we i BR 
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Chapter#20 0 CC erriivatives 
gyn NAD 
- =e OU | | 
ee oY =x a nt ze aS oF leiacile | 
2 =x'[nt+0+0 peveneneet | 
= = nxt! 
ne =(x"=nx™! 


Note : ifn is positive , we use Binomial theorem. 


Examples 2: 


iL y= fo! il. y= ty Find = 
Solution: 
: ee! 
i. yx 
es 7x) OaIx° 
dx 
il. y=x oe ¥ "i, | 
dy 3 Mel Q\Y Jf ee * 
dx 7 4 * p 4 = 4x a) 
Rule 2: . 
 “Thedifferential coefficient of any constant is zero. 
inet Sey = Cc 
2 y+ by=c 
| yt dby-y=c-c 
dy =: 0 
Lim 5x on 0 oe dx 0 
x0 


www.YouTube.com/AdeebTechnologyLab www.facebook.com/Adeeb. Technology.Lab 
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Chapter #2 Derivatives 


- Rule 3: 
Product of constant and function. 
Let. ; y= cy | 
Where c isa constant and v is a function of x. 
oy +8y =c(v + Sy) 
| dy = c(v + Sv) ~ cv 


dy = cv + cdv) = CV 


dy=cbv 
by bv 
bx ° 8x 
5 
Lim 5x -Lim ( ot) 
x0 x39 \ “9X 
dy — dv 
| dx * dx 
Example 3: | 
If  y=3x?, find a 
- Solution: ; 
y =3x° ; 
d d -~ d | 
KT RON = 3a) = Bo = oe 


Rule4:  \Diffetential coefficient of a sum. 


‘The ‘differential coefficient of the sum of a set of functions of x is the 
_ sum of the differential coefficients of the several functions. ; 


"4 | Y =UtVtEwt vee 


Which are all finite in number and function of x, therefore, y is also . 
function of x. . 
Let the increments of u, v, W........... and y be respectively. . 
5 u, dv, Sw,.......0 re , dy 
4 e y + dy =(ut du) + (v + Sv) + (wt dw)... eed ibe 
: Sy =dutdvt dwt... E 


ay _ bu, Sv, Bw 
: ox 6x * 6x” Ox 
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Chapter #2 Derivatives 


| ;  _. ow 
Lim = Lim 22+ Lim G+ Lim x 
6x30 ** =§x30 * 8x30 5x0 
dy _ du dv dw | 
Hence = ri E ie ~ x + vic saieasieceebeateee 
Example 4: 
d 
If y=xtx?+2x43 find 
Solution: 
, y=x+x?+2x +3 
in a die aston 
=2 ( e+e L(x) +20 (x) ©) 
= 3x?+2x+ : 
Rule 5(Chain rule): . ‘ 


Differentiation of a function of function or, composite functions: 


When y is a function of u,and Wis further a function of x. then y is also 
function of x and called function of function or composite function. The 
derivative of y w.r.t. x is produet of derivative of y w.r.t. u and the derivative 
of u w.r.t. x. (This‘is sometimes dalled the chain rule of differentiation) 


du 
Since | = f(u) and u = g(x), then ae oY = 
Proof: 
Let 6x,,5u and dy be the increments of x, u and y then ‘ 
by _ Sy du | 
, dx Sux 
wan the limiting case as 5x —0 also 5u +0 
_ oy: dy su 
lim — =.lim — . lim — 


‘6x0 6x 6u>06u 8x30 Sx 


dy dy du 
dx du dx 


i 
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Chapter #2_ om; Derivatives 
: Example 5: | . 
5 ; a d ; 
If y = (3x2 +2x+9) Find a 
Solution: 
| Let u=3x?+2x+9 
Then y= y! * 
i? 
me =TW 
also u=3x°+2x+9 
* =6x+2 
Using Chain rule 
dy _dy _ du 
dx du * dx 
= T0°(6x +2 


Lh 7(3Xt 2x.+ 9)° (6x +2) 
Rule 6: . 


eX y =ffoo! 


Put w = f(x) then y=u 
And oe f (x) 3 | = mu! ‘ 
fy ty 
... By chain rule i ar 
- nu f'(x) 
ty 


~ + =alfQol” £709 
Example 6: 


Find the derivative of (ax + b)" 


www.YouTube.com/AdeebTechnologyLab _www.facebook.com/Adeeb.Technology.Lab 


www.SalmanAdeeb.wixsite.com/DAE-Cit-bggks www.facebook.com/Gctpak 











Chapter #2 Derivatives 
Solution: — | | 
‘Let y=(ax+b)" 
y + dy = [a(x + 8x) +b)" 
= [a(x + 8x) +b] =[(ax +b) +a dx] 
my ie adx ) 
={art+b) il + jah 
' in adx ) a +b)" 
yt+dy—-y=(axtb) (1 + a4h) 7 
08 bcc aust adx 
_ by = (ax +b) } {| 1+ re 5 Gee, 





‘ ; *. 2 
r 5 
~ =(ax+b)"|1+n ak. mine! (S) ao" Sb soctes 4 
ax +b 2! axe +b 


‘ 2 
{ -adx. Qngiy /Qadx | 
dy (x+y | o 24 7% (ee) + ey “ 


Divide both sides by 5x and faking Jimit. 





. . ‘ 2. 
Oy -.. Gy we a: n(n-1) ax 
Lim = Lim (axt+b) n ( jt a Pe eT ee 
8x30 8x 5,49: ax +b 2! (ax +b) | 


d ess na 
BY _ (ax rb) hehe +04 rs 





dy 
dx 
Note; ifinis positive , we use binomial theorem. 


OR 


i n(at+b)™ a 


y=(ax +b)" 


Apply the generalization of power rule. 


ee : 
SS = (ax +b)" ta (ax +b) - 
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x = (ax +b)" (a +0) 


( 


=a(ax +b)" 
Example 7: . 
y=\x? +1 find x 
Solution: 
y=(2+ 1) 1/2 
1 2 a d , 
a =5 (x? 4 1)" 
oe oe eee: 
= 5 (x) + 1) dx & + 1) 
1 
=a (x + 1) 2% 
ae: 
. nx + 1 
Rule 7: | : 


The Differential Coefficient of the Product of Two Functions: 


The product of two derivable functions is itself derivable and its 
derivative equal to (first function. derivative 
function. derivative of first function) 


Let 9 Y= uv" 


Where.u, v are two derivable function of x. 





www.facebook.com/Gctpak 
vatives 


Let du, dv, dy be the increments in u, Vv and 


corresponding to the incremient 8x in x. We have 


Ly + by=(u+ dul v+ Sv) 


-=uvtudv+ vdut du dv 
yt dy-y=uv+udv + udu +t du. dv—uv: 
. dy =u.dv + v.du + bu. dv 


5x U x 5x - bu. 


. When 6x — 0. Then also Su 0 ° 


www. YouTube.com/AdeebTechnologyLab 


dv 


8x 


€ 





of second function) + (Second . 


y . respectively 
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Chapter #2 ae 2. 4 


Lim Sx = Lim fu ae Tea 





530 “" 6x0 
3 - by 
& 2, Lim wey Lim = Lim du.5y 
xX "§x0 °* x20. 5x0 
dy_ dy, du 
dx dx" dx 
dv du 
& (uy) U. “dx + Ve ax 
Note: Extension rule of product: The result, may be extended for the product 
of more than two functions. | 
Let: y=uvw 
d du. 
Then a ue ee +uw. Sot wg | 
- Example 8: f 
_. Find the derivatives of q = (x? + 2)(x? + 3) 
Solution: > 3 
Here u=x°+2. and’ yv=x'+3. Then y=uv 
du _ dv 2 
ax _ 
dy Sd au 
dx Odx TY. ax 
A(x + 2) Bx’) + (x? + 3) Ox) 
= 3x4 + 6x? + 2x4 + 6x 
= 5x4 + 6x? + 6x 
Rule 9: | 
The differential Coefficient of a uotient of Two Function: 
u. : 
be ' Fe, 


Where u, v are two derivable function of x also v is not zero “efit all 
values under consideration. E ; 





| -utdou 
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u+6u ou 
yray-y v+6v Vv 
5 _ v.du- u. du 

= Y= v(v + Sv) 


bu By 
by |. dx 8x 
6x | ‘v(v —6y) 


When 5x — 0 also 5v > 0: 





ou, ov 
Lim ~ = Lim | 
5x0 6x0 | Tr 
, du dv 
d 7 Vv dx ~ 4 dx 
dx ~ v 
edu \ “dv 
d mf ax 
dx (ON V 
Example 9: , 
; d 
_. = If y= —. find = 
_ Solution; 


* i d 
dy > CU X) GC) — % Gl +0. 
CPs i txyY 
SM +x) 2 =x.) ° 
a Gray” 


, ow 
- 1+x-x 
+a +x) 
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Chapter #2 


Illustrative Examples: | A ” 

1. Find the derivatives of the following: . : 
i. 8 44x49 | - il. x2 +x +1 ‘ _ 

Solution: | 2. 

i Let yar tact ball 

d 


gle tact 9) Dy CP ee 


dy d_ de “2 
RHR (OIG oH 


x34) a 4%) sg < ly 


2x | . ; 
* ae : Find 2 atx =2 : When ee and u = anf 
ge oe y = fax" + 2bx #¢ Find | | 
_ Solution: i ea 
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a - Se _erivatives 


2 dy _ 
a : ‘du 


Ber see i . du = 
ali du Vu? =2 de ie 
A. 


A 
— 
.- 

ig 
wr 

? Pd 

ll 

= 

| = 
N 
Fale 


Kt SR fa a u = ax*+2bxt+co  *e 
- petit FS a o* | ain , d f lL a du ' \ Yu ; ry \ 0, { , 








OD ma ON" 
e ose, “Using’cHfain rule *. Ses 
“> ; aA - o Lee | dy" dy du : 4 J© 
. 2 ; dx ~ du x dx | me sent 





sa SU —_ 
= ax + . fy 
2Vu ee eee 


ax +b 


sfax? + 2bx +c: . bey - oe les } ant a 


~t { 4 | ein - 
7 a 
- a, 
/ “4 
/ + t i vf 
SA fh Po bet hee g : 
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Chapter #2 


Summary 


Me ph sf 
nl for all constant values ofn (il) = = 


- 


l. (i) © (x")=mx 


—_—_— 


d : . 
(c) =0, where c is any constant. 


ag 


dx 
3 +y — wt...) = dp a _OW 
i. tu “ax ax. ox 

i ge . a ey _ bau 
4. (i ax ee ae (ii) ree Pee 


5. ~ (ax+ b)" =na (ax + b)" “for all constant values of n 


6, ea Ss ov ide where V wits a function OF x. 
dx. dx : 
7 f uy) =u ey +V— 
dx”. dx © dx 
du __ dv 
oie 





10. = ~ _.y being a function of x. 
x fiw | 
In aboye*results u, V, W; 

constants, 


y are functions of x whereas a, b, c and n are 


ae ‘Exercise 2.2 
QA Differentiate the following w.r.t.x. 


; “ ee Scat 
hi ax! il. —5 + 3X 5 x 7x? iii. 2x°-+ 4x* —~5x +8 
7 : 6 4°.3 ee 
: Z - 1/2 ™~ 4 5/2 3/2 
+ y ~ta- 


1 : 
ss 1. i vx VX 
vii Po Vill xX + fre : 1X X (x° = 1) 
; yo ‘ 
www.YouT | 
ube.com/AdeebTechnologyLab www.facebook.com/Adeeb. Technology.Lab . 
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~ 


Q.2 Differentiate w.r.t.x_ 
eet, Vad i, (243x499? — GiLCax? + x9 
“oi. Oe I 7 viii. “(1 +x +x’?y ix - fi - x22 
x” (2x? 44x 259° 
Q.3. ‘Find the derivative w.r.t.x é 
i GS +NGR+2) i @PtdOe+d it 
we Pe tayt ve FIFO? +I? EAD Vee 
vi (3 PO 4D Vili (x 2 1) ge ieZ)1) | | 


* in ies 3) (2 x # HG FI) 





Q.4. Differentiate w.r.t.x. 2 * ‘3 : 
ce yor] Me ex 2 1+x 





a (ee etx ‘4 arx 
HY, V. Co "J 4 
i 1-x , a-Xx , a-X 





NK Fp x. ; (x41). 
vx 44 Vs. (ex) 1X... ees 

(x? + l) | 
QR)? 


Q.5 Find .dy/dx at the given point if: - . | 
DUfigx™ a x=8. Gi) ¥ 238 > at x — 2 
MD We x6- x? +2 at. x =-1 iv) y=xt2x7 atx =2 
ta. Answers 2.2 
1Q.1 phe, e 
Gy) 49x i), 3-3x-21x? (ili) 6x" + 8-5 
-- up 6 “9 -3 if 
(iv) 6x-3 x a - (vi) ax rox! 


: \ x? x? x‘ ae 
vii 2x + 2/x°? viii) ‘——=: iy se. Yee Le 
Le Ae - ) 2 aft (ix) <4 a 
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Chapter #2 
Q.2 ; : @ 4 3) 
| (i) - a “= = x" + 3xt+ 9)2 (3x4+-9) 
1 
x7 +1 | | 
city cant +byQ)"M@px” + ba”) 
| { ; 2/3 y 
(iv) 57 + 9x48) (2x +9) 
' l x: 
(v) Ux crpy? (vi) (a2 ie x18 {2 
a Ay - Pie 29 
(vii) 2) i. (viii) 3 Ge a x | 
a ayy (2x? +4-5') 
(x) Ee (x) 24 @& PH (2x 
- | 3xt2 


(i), 6x(10x” +4x+7) (ii) 2x(2acx” be + ad) (iii) neat 


-2(2x3 +5x? +2x-1) 
(iv), (%- 4y & + 2) 5(1xf* 2). ey —- Ss 14 (8. 














(x? +])" 
a 2 
(vi) : 4 Gi 258 P= 2-3 ily 3x 
(ix) 8x°+ 27x"%,22x +9 
Q.4 mi | 
| ee) Gi) —x(x + 2) ii ve. ~ 
y pe y - : (Pe 2xt2yr (A XY 
fr 
h (v) , 
~ NIt+x(1 -x)" (a—x)Va2—x? 
B) a | oe 7 z 
x" oe 1 <, @ —2% 
vi x Se pally ———_= 
( aren xy? x (xt 1)? (a? + x22 | 
i «= AetD 2x(x2+1)” (x? +4) 2 
@-—— a & "Base 


(x-1) -. (x? +2)" 
os: (i) 13° (i) -4: | Gil) -2 Gy) 12 
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Chapter - 2 = -_ | : . Derivatives 
2.5 Differentiation of Implicit Function 
. We have been concerned with the case in which y is expressed 

explicitly L.é, directly In terms of x. However, there are many cases in which y 
is not expressed directly in terms: of x, but its functionality is implified by an — 
algebraic relation connecting x and y. 
2.5.1 Definition: ) ' ~ 

A function in which two or more variables are related to each other ym v - 
are not independent to each other is called an implicit function. . ; 

An implicit function in x and y is expressed as f(x, Y= 0.oFor © 
example: en! , ; 

(i) x -y+xy+3=0 (ii) xP +x’yF Aa 

In such implicit relation we proceed as follows “*y 


Example 1: 
‘Text y = 3axy find By 
a dx 


Solution: ; Of { 4 | ae La 
' Diff. both sides w.r.t.x. ’ ; 2 = 
3x +3y 2 =3a (y.1 +h %) 


r 


dx 
3(x? — ay) + 3(y? eR =0 - , 


dy say) 
dx. jy’ - ak . 


Example 2° ie aes a Say - 
Find oy from the equation ax” + 2hxy + by’ + 2ex + 2fy+c=0 
Solufion?, Diff. w.r.t.x. ‘— 
~ VS - oo d 
x + 2h x. 2+) + Qby. = +2g+26 2 =0 
. d . 
(hx + by +f) = ~(ax + hy + g) 


dy ax+hy+g 
dx  hx+by+f 


Where, hx + by+f#0 
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Chapter - 2 


: : Function: 
i ation of Parametric na 
rs ae we deal with the functions in which dependent variable y 


are functions 
not given in terms of independent variable x rather = of them 
of ah other variable” t” called a ‘parameter. | ‘ 
‘ . . . J . 
Its general form is x= f(t), and - y~8 


— and, from 
In aisle to differentiate parametric equations, we find @& dt , 


dy 
the given equations, then using chain rule find ax. 








dy dy dt. 
| i ate 
ie ‘Example 1: 
7 7_ Find SY when x= at, y = 2at 
Solution: . 
Diff. both equations ¥ watt. te 
As, x=at? => ate 2 
d 
and .y=2at  @ —¢: y= 2 
dyp dy at = t 1 
? ae ack = 2ax at 4 
' Example 2: an) wet a 
If xB 20+1, 3 y= (2041) Find 4 
Solutiony i! —— 
Diff: both equation w.rt. on , 
Maki R y = (26+ 1) ; 
. dy = ob 0 | 
mene a7? | 2 = 220412, 
_ J ( 3 420-41) 
| . jit 4, 8. | 
| aa j dx Ox 
| l 
= 4(20+1)x 5 
-=2 (20+ 1) 
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Chapter - 2 | Derivatives 
. Exercise 2.3 
i. g . 
. Ql: Find = of the following: © 
| ; sy, 
i wi xyty=2 il. Ps f=] 
lil. ore a iv. oo a 
" ae Any’ 2 Sy = 0 ‘vi 
ee 


vii 7 3y%47=0 9 vii +y +7 
ix ‘Poaeeaeas x xo h6xMe Sy? =3 
. Q.2: Find of the following: 
i, y =4ax "> * a = ae 
iii. Sty = sax’ . 4 y= TET 
Q.3: Find 2Y . | 


gt ee PIP 2 


ii. Ai oo y= = 26° 4 








3at_, Sat? . 
RP XHTee YA Tae vl 

bet. Dt 
Vil. -X= Tye ¥* [ae 


Q.4: i. - Show that if x= a0", y=2a0 then y a 2a=0 


dx 
7 oe ee: dy 
is. if ‘y= x+2x", provethat @ =4xvfy+] 
a ae | ay 
iii If a ee; sat y rie 2 then prove that y a. +x =0 
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Derivatives 
Chaper=2 0 Eee OS 


- Answers 2.3 














" ] 
“y_ * ap box (iii) r. 
il -— _.. 
Qa OM TF 2y ay my W) 7 
| a firyly2Jiod+y) | - __ 3 Ny 
i —————_—_——ooo oF] ¢ 
. (iv) ex] x12 (i+xa+y) | 8xy + 4y £15 
| A : | 
| a (vi) {2y' (vii), x /3y (viii) RAY 
_ ae 
| ’ ; x- y , x 2 + ZY 
| | (ix) x —-2y (x) i 2x+ Sy? ; 
| Sak 2a y 3x? -y (ii) x(2a7y* x") 
| Q.2 (i) > (ii) xm yy — 20x? ) 
| : 
| ; ’ 1. . 
; oo (iv) —————_ 
Le oe (x +12vx-1 os 
aa. 6 4041 ee ee ee 
= Q3 @ 4 bi. wt Or 
ww) (2-1 5 2» 
(iv) | Pei (v) 1 =f (vi) . t 
BM! 
. (vii) ET 


4.7 Differentiation of Function w.r.t. Another Function 


Sometime we differentiate given function w.r.t. another function 
instead of independent variable. 


In this case we proceed as follows: - 


Example 1: 
Differentiate x? +8 wart. x°+4 
Solution: 
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Chapter - 2 a Derivatives 
‘d | du | 
Best Maa, 
Using chain rule ~ a | 
dy dy dx 
du dx * du 
ee 
| du 2% - 9x = 2. 
Example 2: . 
: ¥ ‘ 
Differentiate Jae Watt. x4 
Solution: 
| 2 . 
Let - i Ta and u=x" 
dy (1 +x?) (2x) —x4(2x) ‘. tht - oy 
dx (1 axe dx ~ 4x 
___2x 
ess, « 
hat NS Jay _dy dy 
dy __—2x oy 
du (1+x? * 4% 
du ~ 2x7(1+x?) 


2.8% | Differentiation by Rationalization 


_ In order to differentiate irrational algebraic expression, it is usefil to 
rationalize the given expression before differentiation on. 
Example: 3: 


Differentiate w.r.t. x 
y= Natxova—x 
Vatx'+ +afa-x Xx 


Sciution: 
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Chapter - 2 Derivatives 
- . . 
dam ole - atx-va= x 6 ; i tion) 
y rationalizati 
Yatxt+ ax Vatx—-Va-x | 


a at ens J (atx) (a-x) 


at+x-atx 
a-va’-x’ 


a 


ay x= (a-Va—®)- (V8) E® 


du x 


X - 5a . a cost -(a- fa - x ya) 
eee eS a SS ES 


X 


eae OE) 


X . 





Example; 


| Jieetyi-x 
Differentiate = ier f= 


PRition: 


2 , i+x?+/1 —x 
YY Sex -V1- x Vitx+V1-x 
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Chapter - 2 ee . Derivatives 


lex $1 +2 
2x 











ez 1-x) 2+2V/1-x ial ee 





¥ x 
‘dy @ eZ +vi- )- (tv Dag 5 (x7). 
dx — (x2)2 
a, | | | eo 
“AS | — 4x? | ox¢ Lt L-x) { a’ 
| Pa _ 2 \V1-x l 
i = yy Ww 
oy : 5 ) 
_ = 2x a pat ax") 
1 : a e ; . 
“ fe = ee 2x Vinx -2 xtaxe 
or ms 
ody — -2x(1+yVl-x % 
dx xeVjl1—-x& . 
t f ~ t t 
Bxercise en 4 by .. ?— oS 
ps Zh es ; Lm 
Q.1. Differentiate the following: Po A a. ghprtice ! foals 
‘ x 2 <P x ‘aa l t X= 
i. m1 Witt. X ii. ey Wt SG 
F 2 , — : a be 4 
imme No txt wartx-x-1 iv. 2 x -j2 0 Want x. 
, 2 : 
\ ax +b» ax” +b peed px tq 
Vv. ee Wt! Tyg Mi. Teaeg WEL ee 
. ete _ x8 
: ME. * 3c Wit: S44 
Q.2: Find the derivative of the Tere ar a a 
7+ 1- x’~ 1 5 hyiey ~ fy! ! AwW4 { w~ £ cml 
/ *  Seancteusaiehisere: Ae an Loe 
ee yo" ae oy ve Coo & 
a i , wel aR pyle te n/a 
“Nine | Me} } aay ot a ee or ee 
~, / WN t . al + > me A / ee YW. ¥; | Cc’ OG i a " : 4 \ 
ess ; = “¥ a Se a an ie CIR on : Wear itdecieante se oran ~ 


4 


thn / “Ai Daiunt or Malolos at 


/ 
é 


Zp 
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Chapter - 2 , A) wid 7 "Derivatives 
Answers 2.4 





Q.1 ave -] ‘ ed ; +2X sake 4x +] 
oh i, . f-D il. t-1)2 es 2x- | 
a ae . : “es 2 2 
: es a ._(cx" +d) 
a: an Vv. “2x(cx + d) 
«i ad — be ¥ (= + s)  =2ax | 
- ps—rq. \cxt+d/. we in ay 
2x? | | 
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_Chapter-2-  - : * - Derivatives 


Short Questions 


Write the short answers of the following: 





Ify=yx “+ , . Then show that 2x +y=2x 


12 
Ses v0 (ary) | 
. = . : a7 | | 
Q3:  Ify=x-yx?+1 Then show that (y a ‘dx =~ 
ga, 4 a ¢ 
dys y 


| x2 
Q4: ify=1+x 4% -, Then show that a 


21 ++ 
Q5: "Find & if —afxt adie = 
Q6: Find 2 if year eg K 
} i (3x? + 2x +9)" mie 


£887 dy 
ys Se — 7x? 2o2 an. , find Gy 


6 VC). a 
Les. ty- 6 x’) (b?+3x°) —, then Find ~~ 


a an ee ‘9s dy 
Q.10:: If . YF (x -3) (x +2) ’ find. dx 


‘ A x °- ; 
| MA. 3747 *) w.r.t. x 
L+% ~. 4 ay 
2 oe os eC find 4, 
~ ON oy 

. + ] 


x d | 
QI3: Ik y= G finds? at x=2 











| | 7 _ 
(Qt4:. If yaa" and u = (3x? - 7x? +x + 1) , find g 


. . ; d | 
‘O15: IF y=V1tx ,.  showthat .y 7 et ¥ 


F: : -| Ove] . @ 
: .YouTubé.com/Ageeb | La .facebook.com/Adeeb.Technology.Lab . 
wey. e@eTupe ge fein ctmplgay Bind “pm gy 
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Q.17: Find ey if x23 + 7 = 92 | 
dy 


Q.18: If ax’ +by’+2hxy=0, —_ find Gy 

19: ~ x ¢ | 
Q.19: Diff. Text Wit. x 

' ‘ oar 
Q.20: Differentiate Tt Wnt. x 
. 3 : a4 
Q.21: Find 2 ifx=ut+=, 9 y=u-y 

Answers — .* 
. Qe, -Tarb™ tar? _\f% : Q6. 3x° + 2x +20 
: : -— 8 28 
Q7. .7(6x+2)(3x7+2x+9)? ~- Q8, 15X% 14x + 7-3 
| 1 2x i -x? 
3 Y ae 4 7 eee Lee . 

Q9. 2b MAES +15x Q10.. [« x + DE - Ori, +x 
Q12. ora 1361 “Nad. n (3x7-7x? + x + 1)" (9x? - 14x +1) 

| 7 , UB. * 

(y+3)° 4 (2) (ax + hy) 

Q16. 7 ~\ ‘0 : Os. = oti » 

~. 1 bo. a 2 w+] 
Ql. (lgxe aac (1 +x2)2. ede al 


tu 
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Objective Type Questions 
Q.1; Encircle the correct one, of the given answers in each item. 
cd Ost 3) a 


(oy 8x +3)? _ | (b)  4(2x +3)" 
() -@rtay (d)  4(2x +3) | 


ae 2 
i. “2 (d) 
3. ' is the differential wart. x of, 
rn m(in - Ix" ars ; (b): (m— 1) = 
e an } te J). mx™ 
4. (ax +b) 
(a) 2x40) Cg ( 2alax +b) - 
: a 
(c) (x+y oe ab “OC by b 
i, P bb Second Ma ofxis 
Ve. ae Ch. TR 
2 (C)% ZBhr0 « 7: fd)” Bx 
". 6. Lim a is also denoted by : 
(> rn “2 
i 2. x 
ee | (d)  D’y.- 


ft . = ae 
: (a) cer 

: oa 
IB 

(c) ( ] oe _ : (d) . 2V¥1+x 
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Chapt 


8. fu=?—3 then = me ve %s 
i ne O23 
c.g i. Be 


ae: bse Yipee 
9 Ify=u’andu x then G, 


Bh : «gy ow: . 








(Cc) x * - gh. ax* 
dy _ 
10. a 

ee | oe , +]. 

@ -3 ee: iar as 

te oe at MRE 
(c) a ge (d) 
‘ Answers — 

Q.1: 1. a il. D. li, ‘a BR bY 2 
: vi. =a vii. . b- Viti a M- Bs: oR Oe 


www. YouTube.com/AdeebTechnologyLab www .facebook.com/Adeeb. Technology.Lab 





35 


www.SalmanAdeeb.wixsite:com/DAE-Cit-books www.facebook.com/Gctpak 


Chapter 3 


Differentiation of Trigonometric and 
Inverse Trigonometric Functions 





3.1 Differentiation of Trigonometric Functions. 


3.1.1 Derivative of sin x: 
ae (sin x) : sis x 
Proof: . Let . y=sinx 


~ 


y + dy = sin (x + &x) 


dy = sin (x + 6x) — sin x 








; wr Me on _ - 
. Using the Formula ‘Sina — Sin b #2 Cos < 3 z Sin 2 5 2 we have 


i we‘ Ox - 
by = 2 coss (2x +x) sin > , 


DS). ox 
‘Oy =(2 cs f+ sin > 


Breas) wf 
COS| X >) sin 9 


5x 


f 6 : 
Lim. = Lim 
»x90 %* 8x0 


. d j fi - . ,. 6. 5 : 
So, = = cosx.l=cosx. .. lim ~g =1 , where @is in radian. 
-; d 
| “ao uix) = cos & f 
| dx (sin x) | 
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Chapter # 3 











faceRooln cpm 





3.1.2 Derivative of cos X: 
d Po 
ag (cos x) = —sinx 


Proof: Let  y=cosx. 
| y + dy =cos (x + 6x) 


dy = cos (x + 6x) — cos x 


~ a ' s At «,. a-* 
Using the Formula “Cosa —Cosb = -2 Sin > Sin Zu we have 








Age ee, SRE 
by = —2 sins 5 (2x + x) sin a 
; 5 

dy = —2 sin [x4 %) sina. 


. 2sin(x + 2) ne). 
by — Zz SINn| X 2 esa 4 


éxy- |: OX 


: 5) ; (3) 
$1n eT “a, sin| > 


8 
Lin 3 olin YI 


NO 


x—0 x30 
. 6 
ba sin’, 
- 2 
ay =. Lim sin (x4 3 Lim 5 
x0 Sx—>0 (&) 


~. 2 cxex)=-snx/ 


d 2 
Ae (tan x) = sec” x 


Proof: . Let i. . «7 Fim 
-y + dy = tan (x +x) 
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y + dy — y = tan (x + 5x) — tan x 


oy = tan (x + 5x) — tan x . 
_ sin (x + 6x) sin x 
cos.(0+ 8x) - . cosx 
sin(x+6x) cos x -cos(x+6x) sin x 


dy = 
cos(x+ 5x) cosx j 
[As, sina cos B — cosa sinB =sin(a-pre 


_ sin(x+6x—-x) a 


~ cos (x + 6x)cos x 








by _ sin 6x 

5x 5x cos (x + 5x)cos x 

ee Oe Sin ox 
ar ox = “SxEos (x + Sx)cos x 
a = Lim oe Lim a 

5x0 ( Xe Sx-59 COS (x + Ox)cos x 
de Uy. 1 | 
ag * . COSXCOSX cos?x 
‘ é = sec” x 


OF ai x)= = sec" x 


VF 
3.4.4 Derivative of cot x: = 


oe 


—_— 


d : 
— (cot x) = — cosec” x 3 


——~ 





{ ea =a 


6 Ay BS Derivative of Sec.x X2-———-. / 


of -d 
i (see x)= sec. x. tan x/ 


3.1.6 Derivative of cosec xt 


—————— 


ee 


| a 7 
| dx. (cosec x) = — cosec x. cot x 
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Chapter # 3 Diff.of Trig. & Inverse Trig. Functions 
Example 1: | | 
Differentiate the following by first principle: | sin 2x 
Solution : 
y = sin 2x 
y + dy = sin 2(x + 6x) 
y + dy —y = sin 2(x + 6x) — sin 2x 


Sy = sin 2(x + dx, — sin 2x 


Zx+2 cx +2x —— 2x# LORS ZX 
dy =2 os i(Cy J 


if = 2 cos (2x + 5x) sin dx 
2cos (2x 4 dx) sin 6x 


x = Ox 
5 
2 = 2 cos (2x + 5x) sn = 
, in Ox 
Lim a 47 Lim cos(2x+ 8x) Lim 
5x90 &% 5x20 5x0 
aye 
oe 2 cos 2x. | 
dy _ 
ee 2 cos 2x 





Notes General } Rule_ 
= in 


Se i = (Trigonometric Function of angle)" 

x “ - Pry 

} hen , a 4 = Sa Function of angle)” 

% =n (Trig. fun. of angle)” " (derivative of Trig. Fun.).(derivative of angle) 
Example 2: 


. . oa | . ‘ 

1. Cos°x li. sin ne 
Solution: 

4 y= cos’ x. 
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d 
a =3 cos’ x ae (cos x) 


3 cos” x(— sin x) 


— 3 cos’ x sin x 
* « @ 
(i) y= (sinyx)? 
“HomRY sin Jk) 


=4 nee? 2 ni LB 


“T= aa ctaat 2 (x)> 
___cos x 

4.)x \/sin Aix 
Find the derivatiV@of 


x1 tan®2x 


| Example 3: 


~ Solution: 


1. Let): y=yx+1. _ 
* Then 2 =\/x+ ae tan 2x) + tan? ox 2 (ari {) 


“eT .3 tan’ 2 can 20) + 2x5 Lee nS eq 


a \ 





=/x + 1.3 tan? 2x sec’ 2x. 7, (2x) +5 tan? Be (1) 
tan*2x 


= x+1.3 tan? 2 29 2+——= 
= ae eke TS 
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; Diff. of Tri 








‘hapter # 
3 
tan’ 2x 


=6/x +1 tan? 2x sec” 2x + — == 
= 6yx +] tan’ 2x sec 2x ty Fy 


Example 4: 


’ oy Oe 7 
1. Pind 7. if y— cos (x +.y) =0 





ll, 


prove that (2y— 1) dx 7 COS *X 


Solution: Let y~—cos (x + y)=0 


y =cos(xty): 
c Differentiate w.r.t.x. | | 
m. - _sin(xty) (A) 
s'4 7 A) 
ane sin (x + y) ¥ 
d ; ” es ge Ay 


d 5 ters 
a "f sth (x + y): S-=—sin(x+y) 


eat + sin(xt+y)]= — sin (x + y) 


dy | — sin(x + y) 


]+sin (x+y) 


ii. Let y= ‘Vsin x+ Ysin x 





Squaring both sides 
y=sinx+ 
yesinxty ~- 66°." ow 4 


Differentiate w.r.t.x. 
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: (4y— 1) = =e X 


a2 * "Differentiation of Parametric Equations: 


x | 
L Find 5 for 0 = : when x = 2 cos 8- cos20 , y Din O-sin2°0 


ll. Find ay when X=acos’ t >; y=b sift, 
Solution: . | | 
| 1. We have: 


X= 2.608 8—cos 2 ge 


dg ~25in 6 P2sin@ 6 | 


=-2(sinf@22sin 2 6) 


y =2 sin @- Sin 2 6. 
NC eos 6200562 =2 ( : 
do ~©0S Y— 2cosé 2 = 2 (cos A— cos 2 8) 


By chair nile, vs ds 


dx dO * dx 


dy _ _2(cos0 cos 26) _ 
ax  —2(sin@ — 2 sin 26) 


ee ee eee eee 
eee et D 
2 {sink = sina) “eer 
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Chapter # 3 : Diff, of Trig. & Inverse Trig. Functions 
ie 
Aj 5. . + 
ii. x=acos t 


oY = 3a cos or = (cos t) 


=—3a cos” t. sint: 


y = yb sin’t 


ree 
dt = 3b sin’ t. < (sin t) 


= 3b sin’ t. cost 


| _d dy dt 
By chainrule: - ie = = 
| dy "get | I 


dx 3b sin, t. past 33a cost. sin t 


dy’ _3bsin’ feos f 
dx —34 cos*t. sin t 


dy (_bsint 
dx “=aCost 
b 
vs — tant 


3.30. Differentiation of a Function w.r.t. another Function: 


Example 6: 


1. Differentiate tan? x watt. cot’ x. 
ii... . Differentiate cos x w.r.t. tan x. 
Solution:. 
« ¥ Let y = tan’ x and t=cot’x. 
oy 2 tan x sec’ x < = 3 cot” x(-cosec? x) 


www.YouTube.com/AdeebTechnologyLab www.facebook.com/Adeeb.Technology.Lab 


*www.SalmanAdeeb.wixsite.com/DAE-Cit-books www.facebook.com/Gctpak . 


63 
Chapter # 3 . 
Diff. of Trig. & Inverse Trig. Functions 


dt P : 
i 8 cot” x cosec*x 


By chain Rule, 9¥ -,, & 





dt dx” dt 
Gy 1 
= 2 tan x sec’ x 
dt Ter ~3cot* x cosec” x 
9 frame *2% * (2 2 tan x sec? x _ 2sinx sin?x sin®%& 
a 5 ~3cot* x cosec” x 3.Cost” cos-x “cOs°x 
_ 2 sin” x 
3 cos m3 
my - 2 
dt ~ 3% x 
li. Let y= cosx and t=tanx: 
“w Paige! Pe 7 dt 
mi =— sin® and qq = See" x 
pe (7 ge _ dy. ax 
By chain Rule®, At ag 
Wy > te 
dt sin x. sec?x 
= =~ sin x cos’ x. 


Exercise 3.1 . 
Qu: Differentiate w.r.t x from first principle method. 
(i) cotx (ii)  cosec x © (ili) cos 2x 
Q.2: Differentiate the following functions w.r.t.x. 
(ij)  sinnx — (ii) sin" x (iii) sin x" 
(iv) cos'(ax+b) (v) sink +4fsinx (vi) so se023x 


ww Yair ubS@onipacko¥SchnoioGyilik) sinftaniasbook comp igebagchege. tp 


— QA: Tf sin y=x sin (at y) ; prove that A. 
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~ Chapter #3 Diff. of Trig. & Inverse Trig. Functions | 
(x) Sin [Sin ( cos x)J ) 
Q.3: Find the derivative of 








: : ase . . wen : -_ m . . 
(1) x tanx (ii). x” Sec 4x (iil) Sin’ X sin mx 
: ogee D it+taiy ’ 
(iv) sin’x cos’x > (v) (ax+b) af + sin 2x (VI) 5 tee — tom Xe 
ws "See 2x = 1 —‘cos x oe — — SITPEX 
RE —— in SFP 
(vil) 1 + tat 2x (vill) 4 1+ OS x (ing UF COs Xx. 
‘OO: 5m yy" 
dy “sin (a +y) | 


sina 


dy” y + sin(x + y) 


dx x+sin(x+y) is 


Prove that@ (2y@ J) - = sec” X_ 


Q.7: (i) Ify=a'sin 0 + b cos 9 , Show that y+ [S) - ath 


yp) WK = a Cos°0 , y=bsin'd - show that dy +b tand=0 


a dx 
a 
Q8:)>Find’G When 
ee X=asint ; 3 ‘y=cos at 
(ii) %x=a(cost+sint) , y =a (sin t—t cos t) 
Q.9: . Differentiate er 2e 
(1) sin’x wrt. sin x (ii) COS X wort. tan x 
(iii) sin’x wart. cos*x (iv) sinx wart. tan x, 
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Chapter # 3 iy Diff. of Trig. & Inverse Trig. Functions 
| Answers 3.1 
Q.1: (i). -cosee* x. (ii) —cosee x cot x (iii) —2 sin 2x 
Q.2: (i) «neosnx- (ii) — nsin™'x cosx. (iii)’ nx"! cosx", 
; cOsvX  cOSX 
(iv) -asin2(ax+b)  (v) — + 
“ ‘29x.  2\/sinx ] 
ed -bsecv/a + bx tan Qa + bx 
-(vi) -—6 cosec” 3x cot 3x(vii 
va) : 2\/a + bx | 
(viii) cos (tan x) sec” x | (ix) -9 cot (3x +1) Cosec” (3x + 1) 
(x) | -*—cos[sin (cos x)] cos (cos x) singx 
Q.3: (i) x* sec*x’ + 2x tanx (ii) Wx séc 4x (2x tan 4x + 1) 
(ii) msin™!x sinx(1+m) 
(iv) cos” x sin x (2 cos”.X-- 3sif’x) 
(ax + b)(cos2¥)Pa (Mtsin 2x) 
‘(Vv a a 
(v) \det sin 2x 
2 
i) So 
( ) 1 — suf 2% 
in Co We een LC (viii) bea = 2 
(vi) 2 SOQ 2X (tan 2x + 1) | z Z 
im VS . (x) =(xsin x*)'9(2x" cos x” + sin x’) 
, , V1i—cosx 3 “ 
cosy 
. b . . 
© (b) 1+xsiny. 
L F . —sin at . tsint 
Q.8: (1) cos t io) cost —sin t 
sin’ X COSX _.. —- La: A 
-Q.9: (i) (ii) -sinx cos" x (Uli) —;sec”xX (Iv) Cos’x 


x” COS X 
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3.4 Differentiation of Inverse Trigonometric F unctions: 


The functions of the form sin“'x, cos'x, tan 'x, cot™x, sec 'X 
and cosec™'x are defined as the inverse trigonometric functions of the ° 
"corresponding trigonometric. functions sinx, cosx, tanx, CotX, secx and 
cosecx respectively. 
Sin”! x is defined as the angle whose sine is equal to x. Thus 
Sin ~'(1/2) is an angle whose sin is 1/2 and its least value. is 30°, “we 
know there are infinite values of x i.e. (30° + 27n) for y = 1/2, but,we 
only use the least value. | , 
If y=sin'x then. x=siny. 


Note: . 
| (i) tan (tan 0) =0 
. Ge | cosec 7 _ =sin'x 


mac! 4) -1 * 
({iil)° cot (4)- tan! — 
x 4 

(iv) sec”. 5 >= cos, * 2y 

are een Ge? 1 ae 
(v). sin~x#¢(sinx)es, wwhile = —— =(sin x)! 
; i sin x 
(vi) sin ~' x® axc sinX 


3.4.1 Differentiation of sin” x 


Ped... 


j 


Prooff \™ \ Let - y=sin™'x 
~” Siny=x | 
X =siny 


x + 6x = sin (y + Sy) 

6x ='sin (y + Sy) —sin y 
5 m 

dx = 2 cos fy %Y) sin oY 
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. y + by 
ox 2 cos{ 5 ) sin ay 
by sy 
6 
§ Poe sins 
im —=Lim cos [y+ Lim 
By0 °Y “ay 2/5y40 oY 
ox 
dy ey Loa 
dx dy 1 
, oy. ee 7 dx cosy 
a eS, 
| dx “ 4/]-sin’y QJ 4x’ 
; ° d =f ] du 
Note: (1) os ( sin u)= 2 dk 


Gi < aa og =a(si yy < = (sit ‘y) 


~ Note: We can also prox the above imcuil as 








y =sin i 
fin yex 
a> 008 y= NL sin'y= is 
, et’ ia ha } , 
’ | dx fl-x i 
pe er. di 
Note: dx (sin 2 ae Se ie 


3.4.2 Differentiation of cos x ere. 
, ze ee : 
em (cos x) ae | 


: ; v4 . 
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Let’ y=cos’ x 


Proof: 
X =COS y 


x + 6x =cos (y + dy) 


5x = cos(y + dy) — cos y 
ox = cos(y + dy) —cos y 











dy) . dy 
bx =~ 2sinly +} sin 
oy 
5x by) sin5 
Sy - sin (y +) dy 
| A 
© 
sy 5 sing 
Lim i oe Lim’ sin fy =) Lim — 
 dy>0 dy>0 dy—0 Ez 
dx 3% 
dy Sin y-. 1] 
dy «4 Ny l. _! 
dx “ “sity yf] = cos" y [x 
| aN) ~ Jia | 
tan te 
Note: dx (Cos u) = = ae 


$3. Differentiation of tan” x 


. d . 
‘| Aa (tan x)= aac 
‘Proof: Let’: 
| xX = tan y 


+ Be = tan (y + dy) 


www.YouTube.com/AdeebTechnologyLab 


www.facebook.com/Adeeb. Technology.Lab 


ixsi 69 facebook.com/Gctpak 
wwyrpal an eb.wixsite.com/DAE-Cit-books ; ; www. aceboo -com actpa ; 
a mares Diff. of Trig. & Inverse Trig. Functions 





Ox = tan (y + dy) sin y 
_— sin(y+dy) — siny 
"> ° Cos(y+ dy) cos y. 
5 _ sin (y + Sy) cos y— sin y cos (y + By) 
x= z 
| cos (y + dy) cos y 
__, Sin [(y + by) = y]_ 
Ox cos (y + dy) cos y 
bx] “sindy 
dy dycos(y+t dy) cos y 


ox ‘. #sineye. 1 





- <I 
by 0OY + by —0 OY gméy So Cos(y + Sy) cosy 





i j z 
Cosy .cosy 
x < = sec2y. 
. dy ~. \osf)- y 
‘ dy, fe 1 : | 
dx Ses sec} a ‘ 
i 
~ 1+tan2y 
dy. 1 
dx +x 
d : 
dx (tan x) = ee 
: “tT du 
a op eee eee ae ; 
noe -dx (tan u) ‘t+ur dx 
3.4.4 Differentiation of cot’ x sii 3 8 
; ay | | 
oe (cot x) = 
dy 1+x" 
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-x=coty 
2 
> aasesy ol + katy) il BO 
a 77 t*) 
dy_ l 
gx tx 
d hie np Sea 
dy ‘(cot x) = p +x. 
d : =| —] du 
Note: dy (cot = Te ae: 


You can also prove the above result byefirst principle. 


3.4.5 Differentiation of sec X. 





dt. 
dx ae OR = 1 
. ‘ \ 2 BF eranearni 
Proof : Let 4 y= sec x 
| = sec’y 


i. = sec y tan y 


= = sec y J sec y—l 


dy a! 
dx xvx?- 1 

ee. l 
q (sec X) 2] 


2° 
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a a ee a 
Note: - ae (sec u)= aad che 
3.4.6 Differentiation of cosec™ x | 
| do ene goe 
| dx LeSsee ) wage t 
Proof : Let y = cosec™' x aS 
X = cosec y 
dx | 
dy =—cosecycoty 
| dx 2 ] 
| dy = —COSEC YAP Casec” y — 
= =—x Yx7S1 
i! 
dx xx? 1 
(Peer a 
qx ( cosec x) xx = 1 
' Notes. te fsneee u) = uu? —1 a . 
Example | . | —_ 
> * Differentiation w.r.t. x * ae ody 
_ couitewl ee ‘ 
Pg: ged rag 
Solution: 
(i) oy = sin! x 
; ro 
——e 4x (WX) 
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: » 
1 


Pacing 


& Inverse. Ti cebopk coryGatpak 











(11) y= ax! 
Solution: 
l d (x 
x. il 
dx 7 (3) dx \3 
E22 
= 2 (3 3 
is ie 
| Vaan *! i 
dy. |__f/_ ye 
dx ~ 9-X, os 9 _x? 3 
aI 
dy_ 
dx Alg.— x” 
Example 2: | 
Differentiate w.r-t. x Ify= x’ cot” x 
- Solution: boos 
y= x” cot x | 
d 
oat dx =——(6ot 'x) + cot” a) 
er + ot x) @x) 
x ; 
- | ao +2x cot! x 
* 
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Example 3: 3 
ay. | | 
. Find 5 if y=cot ~ 





Le 
Solution: 








] 2 
OY ee) r a ( 2x ‘) 
dy. ££ 252 2 
x ne yi dx | ]-x 
4 Eas Cae “8 (i -x* = fmictn)) | 
~ (1-x’)? + (2x (‘%e gy 
_ (l= xP QR -Yx?+ 4x? 
1-2x?+ x* + 4%? “= xy 


= (2+RAN ~2(1 +x) 
4 (1+ 2) ~ 





(1+x") 
=) j 
(1.x) 

Xx 
an") prove that 
I+y" 
44tx 
I -| X 
tan” y=2 tan 5 
1 dy .- 1 1 
ity dx 2. x2 
i+; 
4 


v 
{ 
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dy A(t , 
dx 4+x 
Example 5: 


¢ Fitid 2 Gx (Sint It] =x") | 
"i 1 a. 
_ Solution: oY te V¥1— x7) 


dx a-(1- ris 


Te AF a gO-*) 


“4 cai 
: ; * avi— x? 
dp! Boda 3 
dx jinx 


Alternative method: 


Let y=sin7?yT—x° 


, Put x =cos0 
The, \ y=sin™ 1 = cos’6 | 
y= sin! \/sin”0 x =cos 8 


4 Were ree dX... 
y= sin (sin 9) | oo 
y= 96. 
dy = 
dé 
‘ dy .dy dé 
By chain rule , i Fan aa 
# (aj 
dx -- \sin@/ sin@ 
l l 


—_— 


"sig? 8 + flo ~cos” @ 
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Chapter # 3 Diff. of Trig. & Inverse Trig. Functions 
d/. mas 

5, (sin Vi-x?) = l 
Vl-x? 


Example 6: Differentiate tan! J] —x2 wrt. cos! x 























Solution: =. : 
. Let y = tan ~ afl 3 and u=cos |x 
Differentiate both equations w.r.t x . 
dy _ a _ du _ J 
AX 14 (1x2)? dx Lax? 
_ yt (-2x) 
= == (-2x 
1+1-x? wWi-x? 
a | ~%. —xX 
2—x? -x? QAR? 
By chain rule gy = Gres 
dx, du | , 
dy -xX 1 = x 
dx 8-2) J1 x ve Da 


: “a Exercise 3.2 
“Q.1: Differentiate w.r.t. x. 
OP, tan” Vx (i) tan"! (iii) y=sin~x? 


(iv) sec™' (sinx) (v) tan“'(I/x) (vi) cos “(2x) 
Q.2: =Differentiate each of the following expression w.r.t. X. | 
(i)  tanx.sin™'x (ii) tan 7 < (iii) tan ~ '(sec x + tan x) 
% a’ , 


x7 41 


; -! 
_ (iv) sec 
so a 





} (v) x7.sec 7! 5x 


‘nf 
Ves If y =tan(p tan **) show that ex) = p(ity? ) 
Q.:4: sii the vienna 
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™ 


Os: 


Q.1: 


Q.2: 
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a“ er I g g 

















. dy_ Y 
< Si If y =x tan © , ___ then prove that dx x 
d 2 
3 2 , SY a 
A iy If y =sin “I ee. _then prove that dx 4+x 
Differentiate 
(i) sn” x . w.r.t. COS” X 
(ii) cos “fx w.r.t. \V 1-x 
Answers 3.2 
| —2x aa 2x 
(i) Je ai (ii) r (itt) an 
2Vx(1+x) "+x X —X 
—2 
‘cot X ~2 : et 
Mee RO ee 
. 2 i “tan Xr me ats 3 
(i) sec” x. sin “gx + J2 (ii) . aj (iii) 3 
3 x 4 
(iv), - (v) io a +2xsec 5x 
: +X ) 
(i) = (i) 


Q.5: 
3,5 


and exponential functions from first principles. 


pronation of Logarithmic and Exponential Functions 


a Limits.and Results: 


. A few limits and results used in finding the derivatives of logarithmic 


Lt 
=a +x) 
* 


ey 
x70 X 


(i) Wi) 





(ili) (iv) 


www.YouTube.com/AdeebTechnologyLab 


a — 
Lt 
x0 


loge mn = 


X 





Li 
= log.a 


logem + logen 
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m 
(v) <> loge i logem ~ log.n (vi) logsm"=nlog.m 
(vil) logee=1 | (viii) ‘a",a"=a™™ 
, a : 
(ix) —,m-n (x) (a")" = qma 


| (xi) Logarithm definition: If a, N and x be three numbers such’that aX = 
N, then x is said to be Logarithm of N to the basé“a’ and iS*written 
as log, N = x where a and N are +ve. 


_ if base is 10 the logarithm are called common logarithms and when the 
base is e = 2.7182 the logarithms are called natural or napiercan logarithms. 


. Note: Log.x is generally written as Inx. When no.basctis given, the base e is 
understood. 


3.6 Differentiation of Logarithmic Functions 
3.6.1 Differentiation of Log, x: 
Let y=log, x 
Then y+ dy=log, (xf 5x) 
oy = log, (X+0x) —log, x 





rama, x+dx 

x 
oy — Ox 
— = | = ems 
fom oO a 





F 
Lim Sy Lim 1 a 
x10 Sx Gx-+0 x (Ba 1 ty] 
, x 
dy 1 we xX \éx 
= =—log, lim [145% | 
ax "xX 6x0: xX 
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1 
n —_ 
Since lim [1+2) = lim(1+x)* =e 
no x0 


n 
Xx ; 
‘ Ox \dx 
So, lim +=] =¢ 
6x0 x 
d 
o = —log,e 


i one ee ee 
dx (logex) = Tha 
d ete 
ax > lOBcx) = sina 


1_du 
u Ina dx 





‘ . d 
Note: ® a ee = | 
ine = . 
(ii) ~(og,u) =n(log,u)" G_log.t 


3.6.2 Differentiation of In x: | 
Let ! y=Inx 
yt Oy=lnx + Ox)-Inx 
mA oy=y = In(x + dx) -Inx 4 
dy =in(x + 6x)-Inx 


5 nf 2) 
x 
Sy=in{ 1+) 


im 
oY euler om 


www.YouTube.comiGeeb rech logyL ab www.facebook.com/Adeeb.Technology.Lab 








6x30 5x x 5x0 


x 
lim BY sb, lim f+) 


Since | im +l =e 


3.6.3 Differentiation of a’: 
Let y=a"* 





Taking In on both sides 
In - In y =Ina* 
In y = xIna 

Diff. Both sideswer.t. x 


Ny Y_ 
y dx ~ina 


Beying 
d 
- =a‘Ina 


a pw_ uy, du 
Note: | ay (a)=a lua 7 


3.6.4 Differentiation of e* 


Let y=e" 
Taking In on both sides 





Iny =lIne* 
=x Ine 
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Diff. both sides w.r.t. x: ; 
ldy _ oe 
y dx 
d tm 
d x | x 
5 eons 
" se <ul 
Note: a C=O me 


Example 1: 

Differentiate the following w.r.t. x. . ~ 

(i) InVx ii) ‘Insinx (iii) In (imx) (iv) _1/ Inx 
Solution: . 


(1) Let y=In fx 


(i1) De y*y = In sin x 
iy 1 


dx ~Inx dx 


1 1 : 
vw YouTube com/Adeet Edchnrtogy tab www.facebook.com/Adeeb. Technology.Lab 
| dx Inxx 


ea a lpenp goed Wieite com/DAE -Ci-booke www.facebook.com/Gctpak 
er , ‘ ; 
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a 
dx x Inx 
(iv) let y = as 
Inx 
ay = ( - ) qd An y-1 
dx ~ dx Unx de (Inx) 
1 = 
| = ifn — = 
Example 2: . . om 
(i) sin (In tan x) (i) n> |S NG) xn 3x 
\P x” Sl 
Solution: 
(i) Let . y=sin (In tan x) 
. . 4 7. 
Pm = cos (In tan xy (In tan x) 
, : d 
= cos,((In'tan x) lene ae (tan x) 


= J 1 
= eos ((in tan x) Fine - sec’ x 


~2¢gs(In tan x)sec? x 





(ii) Nbet) y=m- /% 





z 
"Gg in i) =3 ft (+ 1)-In’- 1] 





M21) 1. As | 4d 
ala HD -Zy See- 1] 
dy _1)_2x 2x 

dx saws 

SS A) 

dx reread 


es 2 “fe 
dy _| x(x‘ -1)~x(x* 41 
www:YouTube.com/AdeebTedinolo Lab(x* +] facehoo -com/Adeeb. Technology.Lab 


www.facebook.com/Gct 


www.sSalmanAdeeb.wixsite. com/DAB@it- books Scie 
Chapter # 3_ 7 Diff. of Trig. & Inverse Trig. Functions 


dy _ xx - x — —x = 
dx (x?+1)°-1) «&-) 
(iii) Let .y=xIn3x 
d dx 
WY 2S (n33) +In x 
d ] 
ae GX) + In 3x | 
x =~ 341n3x 
& at +In3x 
Example 3: oe 
Find & of 
.@ 3 Gi) Scat” Si. 8 ivy Inx 
Let yest 
‘d 
‘ax 73 In3 
B : d X\y XxX 
Q ecause dx (@)=a Ina 
(ii) Tet. y=aeit® | 
et 
a na i (sin x) 
=Inaa™ COS X__ 
2 
(iii) Let y=e* 
dy ox 


it aft 
www.YouTube.dxn/AdSebTaah\SioyyLab 
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2°. 
“= @ 2x 
2 
_ 1 2x , 
(iv) Let y=e*Inx ; 
dy 


dx © Gx (nx) +(Inx) ¢ (e) 


sage 3. x 
x tUnxje 


, | 
= e* (J+ Inx) 7 


‘3.7 _ Logarithmic Differentiation 


In differentiation problems when an expression involve’so many terms or 
variable powers, the process of differentiation becomes very much complicated. 


_In order to solve such difficult problems 0 use of logarithm is very help full for us. 


Such problems are of three types. 
(Ga) Constant power variable 


(11) Variable power variable 


bas When there are sé many multiple function. 





Example 4: 
| _ Differentiate the following: 
ao 2 = Ls 
(i) Ne : Gi) (sinx Gil) | I =z 
Solution: | 


Gy’ ) Let y=3" | 
Taking In to both the sides. 


Iny=In3* | 
Iny=xIn3, 
Differentiate w.r.t.x 
‘A dy =1In3 - 
y dx 
7 =y In 3 
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dy ‘ 
a. 3* In 3 


(ii) Let y=(sin x) 
| Taking In to both the sides. 


In y = In (sin x)" 
In y =x In sin x 
Differentiate w.r:t. x. 


x “5 In (sin x) + In sin x Gy cm! 


9 


aie st ay (Sin x) + I siti 


x 
7 = aie Cos x In sin x 


aja <fe <I <I 
(2 y 


-=y [x cot x +Ins$in, x] ( sinx : [x cot x + In sin x} 
‘: 1+ 
(iii) “Let Pea 


Taking If to both sides. . 


nda teal x? 
l 
Iny= inx +> tildes Ina -x4 


fal eetethniais W.r.t. X. 














: | : | 
a7 a Beat? ae 
+ oe 
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Ady 1s etsy l 2x ' 
HSS LER) “+x)(1-x) 
4 3 a ee 


1 dy 1 — x? + 2x’ 
y dx x(1+x*)(1 —.x”) 


Ie 
+ 


y| 1 —x"+2x 
dx 3 t 4 x(1 + x?)(1 — x’) 


dy _ a) tira 
dx fp-x? Lx (1+ x1 -€) 


dy: Pex? 
a in 
ax +x) 217 


. | re Exercise % Ps 


Q.1: Differentiate the following W.r,tax. 





(1) X ii (x4€ 4) Gi) ‘In(x + Vx?-1) (iii) In a 


1+x 
. € 7) 
l#sin.x - fa a. txrl 
(iv) ~ ph (v) tan” (In x) | (v1) i Biel 
as A a ee mx 
(vii)™, In(sec x + tan x) (vail) ina | (ix) In tan ri 5 


2) 3 si 


(xi) cos xX + éntan = (xii) In( x iv x2 + at ) 3 


- Q2: Find — for the following. 
@2: Fi ax 





(i) ° ex” . fil) ze | (iit) —. 
e~ +1 : | , K Sin b 

(iv) “In— ; (v)  x.sin™ x . + fviy “é™ Sin bx 
e€ _ . 
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x tan x 
e sin 2x . 
*s 2 In tan 5x we sin X gan7! ix (x). € 
(vil) é (viii) a” tan x (ix) ie : 
3: Find the derivative of the following: - r 
‘ a x (ii) | (tanx)"™"* (iii) x" ys 
~ (iv) (sin x)* (v)  (sinx)""” (vi) *« = 


(vii) xt xt (vill) waa ie (x22) 


. Answers 3.3 

















| ) beng? -4). oy 
aa Gee) ANP 
| 3 i» vi) ix’ 
i : ——_—¢—»>——s«. ij) —-—. 
(iv) 2secx (v) xpi x] ree 
| geri —! ws 
(vii) secx © a (vii thi? (ix) | secx 
(x) nx . (xi sin x + cosec x (xii) inser 
2 ‘ evx +1 
Q.2: (i) 2xe* “di) = e(x +1) (iii) sae 
_s’ e* —2e* ] sin !x 
iV QP -—— or = (vy) x ga 
vg e+] e +1 e*- Fae - * 
(Vi) e* (asinbx +bcosbx) —S (Vill) -10-tan 5 x sec” 5x 
ane fea +Inacos x tan” < 


(viii) 
’ 1+x 
| x tanx 


€ 2 i.  jsin2x 
i xsec’ xt+ttanx ——-| (x) 2cos2x @ 
Gy) Vx ( 7 =] ; 





| | - sin!x| 2sin"x Intanx | ~ 
Q.3: (i) x*(i + Inx) (ii) | (tan x) ae | 


sin 2x Hast 
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Gin) 3 [co etext tt } 
X. 





(iv) . (sin! x)*| In sin” x+ ee ee 


sin xV1—x?* 


(v) — Cosx (sinx)*™* (1 + fn sinx) ~ (vi) yf x@y-y 
; . Xx | y int Z# 
(vii) x*[1+Inx]+x%"* oa +cos x In x| 
, X ; 
(viii) 142x* +x* 
(1—x2)2(14 x22 
(ix) ‘(e+ 2)* (3x? ~2x? +10x84 4% — 6) 


; laces 
Vx? Toe 2s 
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Chapter # 3 Diff, of Trig. & Inverse Trig. Functions 
| SHORT QUESTIONS 
Write the short answers of the following questions: 


ean: “ee _d (1-cos *) 
Q.1: Find the valuc of ae a ; 


Q.2: Differentiate cos*x = W.It. Sin?x 
Find the derivative of x cotx * wot, x 


Qu If x=asec 0, y=b tan @ then find 7 
. Q.5: Find the jesisetines of sin’! (®) 

Q.6: , Find the valuc of < (sin'x + gag) 
Q.7: Find.the value of F B. L sco) 


Q.8: . Find the sm of 5 S cos" (Mf 


Q.9: Find the derivative of (sex ¥ 
Q.10: Find the valucof the dérivative of tan”'x + tan ; = 


Find thederivative of cos (cot x) 


a @ » A tanx . 
- Find thederivative of 3 





d 
wd 13: Xt x=Sin2t, y* 2cost then find i 


| Oia | If y= seanitilt “rind 


Find the dcrivative of log (cos’x) 
a : 
» Find “= (a ) 
: -| 
Find the differential co- -efficient of go" x 


& 
oil Riedie 1 rt 
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Chapter #3 Diff. of Trig. & Inverse Trig, Functions 
Hint: If y= elogx , 





’ Then y=x | 


Because, since log y = log (elB%)_ log x. loge = log x 
SO, y=x 


» ind heestvsat es 1 
Q.19: Find the value of ax le Og COs *) 


2 3 
i, Find <~ (ccs 2x) 


Q.21; Find the valuc of = (x*) 
Answers 


x . : : ae 
(1) 5 Sec’ 5 (2) ~1 (3) -—x cosece” x +cot = (4) _ : cosee 8 





+ af 2 3(scc"!)? 
CD) fae «9° OF eee NY ine Oar 
(10) 0 (11) sin (cot x) ¢osec™’ (12) ae - 2tan x 
he . . 
(13) Tr (14) sex) (15) -2tanx (16) 2x €na.a* 
tan”! | 
Ov} - 22° :. = 7 —— 
, Cas (IAQ -53 (19) -3 cos°x sin x 


(20) 20" (cos2x —sin2x) (21) . x*(1+ {nx) 
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Chapter #3 | Diff, of Trig. & Inverse Trig: Functions 


(a) cosx” (b) ~ cos x° 
: a 
Z, ax CNS 
1 
po — sin = 


(a): 
(c) 


. Hg 
ae 
(a) 

(c) 


6. = 


(a) 


Objective Type Questions 
Encircle t the correct one, of the given answ 


5p tem sin x” 


a’) 


rs 
Gx (sin ax + cos ax) = 


acosx tasinx 
cos ax +: sin ax 
Cosec 3x = — 


— Cosec 3x Cot 3x 
Cot 3x . 


oo 2x Sec?x?., (bySee? =" 


dx (3) 


Sec" Cy 


(c) ~ Sec? (<) 


PO 


(a) 
(c) 


d 
8. ; dx 
(a) 


(2.cos 3x) 


6 sin 3x 
— 6 cos 3x 


sin (vx ) 


cos(vx ) 





a . | 
& ze cos(vx ) 


= 


d a, 
9. cs sec 3x= 
sec 3x tan 3X 
www $d uTube Sided TechnologyLab 


ers in each item. 


(c) 3xcos x (Wf 3x’ cos x” 


-@ — sin(=} 
1 p 
@) - 32a %, 


(by, &cOSx — asinx 
(ty eva cos ax — asin ax 


a ~3 Cosec 3x Cot 3x 
(d) cosec 3X | 


(c) Secx? (d) tan” 
wens (2. 
(b) cosec” (=) 
d Ps. S ¢ =) 
(d) — 3(0x)3/2 : Vx. 


(b) —6sin3x | 
(d) . 6sec 3x 


(b) - cos(Vx ) 
+ 4 | 
(4) - Se oss ) 


(b) sec 3x tan 3x 
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_(c) 3sec 3x Cot 3x 


























(d) — 3 sec 3x tan 3x 























10. dx sin ~ a | 
(a) i 
2 b 
. ily (0) Sin! x1 - x 
oo 1 
" a 
fiat @-~ Viex 
Th. Gx sim” * (VX ) 
( a 1 
a —_— = © 
V1i-— x2 (6) Vi® x7, - 
ie 1 1 1 " 
| we G— @ CAN Fn 
| d i 
12: ac sin! (=) 
1 b 1 
Wr DP xia 
Cas XV x2=1 ) vx 
d 
13. 4x See. 2x = 
ad ] a a 
; (<a x 4x? — | | (6) x\4x7 - 1 
1g. | ‘ 
(¢) xy x2 mal (2) 2HNxS— 1 
14, ae tan! x2.= 
Vat 1 
OO Pat 2 sie ry 
_W2x x 
ae + xt (d) 1- x* 
sin (4) 
15. dx a x 
i by 7 nd 
(a) - t+ x? 8 —1 
x 
d 
(c) 1+ x? (d) 1- x? 
16. Ase bs 5 
a a¥ tna (b) . - 20a"! 


xX . 
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Chapter # 3 Diff. of Trig. & Inverse Trig. Functions 





d 
17. gg tn Sinx = 


1 
“e's Cot x , (b) Sigg 0 Sinx 
(c) . tn Cosx a (d) ‘tan x 
a 3n 
18. dx ° : 
(a) s (b) 
(“f- 30" (d) 3xé 
d 
19 ae xe = 
a ii us] 
Cf ax” 0) 
(c)» ax" (d) 
| eo 
oR Net lh= . | 
. * % : 2x 
(a) oF ; a ( ae 
-(c) | &n(2x+1) : (d) 2x fn (2x + 1) 
— 
21 ae pam § 
: dx 
(a) oe a Cosx e 
(c)  Sinx @*! (4) Sinx e!™ 


a, 1G _ 
22. ax nsin x= - 








) ine cos ‘x 
% Vi-x” Qo Vi- x 
Answers = 

Qiy (1) d (2) ¢ (3) d (4) 9b (5) a 

(6) b (7) b (8) Cc (9): a (ley. 

(Il) c¢ d2) ©. Us) a (4). ¢° . (15) *b 

(16) a (17) ,# *~ Ge) ¢ (19) a (20) b 

(21) b (22) b 


g 
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Chapter 4 
Rate of change of variable 


« 





4.1. Expressions for velocity and acceleration 
(a) Velocity; = 


A body moving in a straight line covers a distance x(=OA) vin tite t so . 
that A is its position at the end t and after a little longer time tt_dit its position 


isBsothatOB=x+éx, 9 —S———*==~ > > BAS 
| Oo | A B © Fig.4.1 


’, AB = 6x, is the distance moved by the body in the small time 5t. 
: ype Ox 
Thus, average velocity of the body in this interval 6t is given by = 


If, St > 0, B will —>A and the interval AB will become indefinitely 


small. In this case Lt ~ will give the velocity of the body at A. 
' 10 ot 


red Ox _ dx’ 
velocity at A=) L = 
ae : . < g 8-0 St dt 
‘(b) Acceleration: 
In fact the,student has already learnt in the foregoing chapters that 


es is the rate of change of x with regard to change in t and that exactly is the 


definitiomof velocity. 
Thus if we have the relation between displacement x and time t given 


by the,equation. ° 
X= f(t), then the velocity is given by V= ~- f © 


In a similar manner if acceleration is denoted by ‘a’ we have 


ao (acceleration is the rate of chang2 of velocity with regard to change i in. 


dv d fdx)\ _ 
time) Also a ie a Ase: (*) = $ - ae = f(t). 
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Chapter — 4 Application of differentiation 


Note: We can use X for the distance S i.c., X = S= i) 
In case for free fall of body X = 4. Ta 


Example i: | 
Motion of a particle along a straight line is given by X = St? where X 
is in meters and t in seconds. Find velocity and acceleration of the particle at ty 


= 5sec andt = 10 second. 
Solution: 
xX = &t* 
d a 
Now velocity V = a =16t 


= V = 16t 
(i). at 1=5 ssconl 
V = 16x 5=80 m/scc 


“(ii) ~—s at t = 10 second 
V = 16x 10 = 160 misecy 
ee Icrati — dy 
Acceleration. = i 
asi: "ae 7 (16t) 
= 16 ui/sec™ ; 
Accclerationf the particle is constant at any instant of time 
Example 2: . se 
Figure shows the. free fall of a heavy ball being released tare rest at 
t=0 ¢cp> 
(i) How many meters ee the ball fall in the first two second? 
(ii).¢ «What is its velocity and acccleration _ 
SS then? | , ' 
Solution: 
(i)The metric free fall equation is X = 4. 917 wi 


during the first two. seconds, the ball falls 
x2) = 4.9(2)° = 19.6m. 
(ii)At any time t velocity is the derivative of 


i see 
d 3 a 
Vao= a a (4.9t°) _ _ 
V(t) = 9.8t : 
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Chapter — 4 Application of differentiation 


Velocity = V(2) =9.8 x 2=19.6 m/sec 
The acceleration at any time t. 


dv d . 
a(t) = Ge = gp 09-80) 


= 9.8 m/sec” 
At t = 2, the acceleration is 9.8 m/sec* 


4.2 Differentials / Slope of a line 
d Dp. 
<~ is considered not as a 


In the preceding discussion of derivatives, dx 


fraction with numerator dy and denominator dx, but as a symbohdenoting the ° 
_ limit of as Ax —0. In some problems it is useful to iterpret dx and dy 


sails In this context dx referred to as the differential of x: and ‘dy as the. 
differential of y. Differentials are useful, for eXample~*in’ applications of 
integral calculus and in approximating changes \in the dependent variable 


associated with small changes in the independent variable. 
If f(x) is the derivative-of y= f(x) for a particular value of x and Axis 
an increment of x, then the differential ofy = (x), denoted by oY is defined. 


by the equation. 
dy= f' (x) Ax = 


If f(x) =.x, then f eek | 
and dx=Ax 
Thus whens the Sade voriicht 
variable, the differential dx of x is equal to Ax. 


d 
So, dy=/" (%) ax=(%) dx 
Thusgthe differential of a function or dependent variable equals its 
derives multiplies by the differential of the independent variable. 
a P 


hax 


Geometrically, consider the 
curve y = f(x) (See Fig 4.6) and let 
FR be the value of the derivative at P. 


Then 





dx=PQ and 
gy =f '(x) dx = (tan 9)(PQ) 
_ QT 
=p PQ= QT. 


dy denotes the increment of the ordinate of 
th tangent at F. 


www.YouTube.com/AdeebTechnologyLab www.facebook.com/Adeeb. Technology.Lab 


wun SalrvanAdesb witsiiscsn DAE: it- : 
. Cit ngare es www.facebook.com/Gctpak 


Chapter —-4 _ Application of differentiation 


Note that the differential dy and the increment Ay of the function 
_ corresponding to the same value, dx = Ax are not in general equal. In Fig 
| 4.6, dy = QT but Ay = QP’. ; 
Another important application of differentials is made in calculating the 
approximate value that may arise in the value of say ‘y’ due to a small error 


made in the value of ‘x’ where y = f(x). 


Thus if 5x is very small, dy will be small 


d 
. y= £Y 8x approximately. 
. . dx ¢ 
This formula will enable us to find the error dy in y foran efrorOx in x.The 


approximate value is then given by y+ dy oryt dy 


4.3 Rate Measure 
xeasuredo rate of change of one quantity 


Whenever we are required to n 
with regard to the change in the other, makequse of derivative of one with. 
respect to other. ; 


dy®... a Si 
ay % » & Similarly rate of change ofx wrt | 


e.g. The rate of change of y wart. 
3 dx 


_ dx a nee 
‘t? ig —-~ 7 Hence derivative ts lisc@as a Rate Measure. 


Example 3: 
ae ity ro 2x + 9x + 7, use differentials to find an approximate value 
of y when x 5 L997, : 
Solution: 
_ Cofisider 1.997 to be the result of applying an increment 
Ax € d&=20.003 to an original value of x= 2. 
~Thenby differentiation. , 
fre a3? 4x49 


_ dx . 
dy =(3x?-4x +9) dx, when x=2 and dx =— 0.003 
=(12-8+9) (0.003) | 
dy = — 0.039 . 
Also, when x = 2 ; y=25 (from given equation) 


And — 0.039 is.the approximate change in y when x changes trom 2 to 1.997 . 
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Hence, y+dy=25 - 0.039 =24.96] 
And y is approximately 24.96] when x = 1.997 
Example 4: 
Using differentials, find an approximate value of ./98 
Solution: | | 


; The number 98 is close the number 100, which a perfect square. Thus 
the change in y = Vx » Colresponding to a change in x from 100dto 98,can be 


added to y=1/100 = 10 to obtain an approximate value for [98 
‘For = x=100 and Ax =dx =-2 - 








But y= Vx => ar 
—_ dx 7 
2y/x 
i. off 
~ aafion 78 
- and thus [98 = y + dy 9/100, 0.1 


=,9.9 Approximately 
Example 5: 


Using differéntials(find an approximate value for tan 46° given 
tan 45° = 1, sec 45° = 2, and 1° = 0.0175: 
- Solution: | _ 
If vv tA x, 
édy'= sec? x dx . 
When x changes to dx, y changes to dy, approximately. 
x = 45° =f radians | 


Ax = dx =1°=0.0175 


‘dy’ = sec? x dx= (2) (0.0175) 
dy =0.0350 ; 


; 0 
Since -y =tanx=tan45°=1, | 
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Chapter —4 __Application of differentiation 
y +dy=1+0.0350 = 1. 0350 7 
and tan 46° = 1.0350 approximately. 
| Exercise 4.1 _ 
Q.1: The distance x meters moved by a point in t seconds is given by 
x =t +3t? + 4. Find the velocity and acccleration after 3 second. . 
Q.2: The velocity v m/s of a point moving in a straight line“s given aftcr t 
second by v = 3t’ + 4t. | ° 
Find the acceleration after 2 second. 
Q.3: The velocity v m/s of a point moving along a SfPaiBht line, is given by 
‘vy =4-t*. Where t is the time in seconds. 
Find the acceleration of the point when Jt is) initially at rest. 


Q.4: .The distance moved by. a point@longya line in t second is given in 
meters by x = ¢ + At, 


Find @ The initial beidity 
(ii) The velocity after 2 sec. 
(ili) The average velocity for the first 2 sec. 
Om:  The-distancex meter gone by a body int second is given by 
= PRG? f at. | . 
Find \(1) Its initial velocity. 
(11) Its velocity after 2 seconds. 
(ili) ~— Its acceleration after 2 seconds. 
Q.6: | Use differentials to find the approximate value of each of the - 
following: © | | 
(i) - 65 (ii) ¥124 
Q.7: Find the rate of increase of the arza of a square when the length of ‘the 


side is 2cm and in increasing at 0.3 cm/s 
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Q.8: Find the rate of increase of the surface area of a sphere when the radius 
is 4cm and is increasing at 0.1 cm/s 
Q.9: Find the rate of increase of the volume of a cube when the length of 
'- side is 2 cm and the area of a face is increasing at | cm’/s. 
Q.10: A container is made in the foim of a 10cm cube to hold 1 litres 
(1000 cu.cm). How accurately must the inner edge be made s@ that the 
volume will be correct to within 3cubic centimeter(cuscm)? , . 


Answers 4.1 


Ql. 45m/s ,24m/s? QQ. - 16 mis 
Q.3. .—4m/s? (retardation) Q.4, (1) 4 m/s (ti) Sum/s (i11) 6 m/s 
Q.5. (i)4m/s (ii)-8 m/s (iii) (0 m/sec”. | 


Q.6. (i) 8.0625 _ (ii) 4.9984 < OF." 12 em*/s 
Q.8.  3:2ncm7/s-or 10.023 critgec\ > | | 
Q.9. °3cm’/s Q.10. (Error must not exceed 0.01 cm 


4.5. Maxima and minima 


4.5.1 Introduction 

In this’ section we shall consider the application of calculus which 
maximi#@or minimize some aspect of something, like what is the size of the 
most, profitable production run? What is the least expensive shape for an oil 
cafi? What is the stiffest beam we can cut from a 12 in long? In the 
mathematical models in which we use function to describe the things that 
benefit us, we usually answer such questions by ‘findings maximum or 


minimum values of a differentiable function. ° 


4.5.2 Increasing and decreasing function 


Increasing function: : 
A function /(x) is said to be an increasing function of x if as x increase 


Pi (wyaltouinsseaaes Reif ahr sERlBESCS vi “WP SQoASRLEANRdeeb.Technology.Lab 


/ 
A 


* 
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Decreasing function: 


A function f(x) is said to be decreasing function of x. If as x increases 
J (x) decreases or if as x decrease f(x) increases. 


Increasing and decreasing Functions by First Derivative: 
Stop 

negative « 
decreasing 
function 








~ Consider the function S(x) 








y =f (x) at the point x =a. 


The first derivative of y with 







Stop 
positive 
decreasing ~ - 
function 


| respect to x, y! =f’ (x) Is the 
slope at the point x of the curve 
y = f(x), in particular, f"(a) iS 
the slope of the curve y ='f (x) 














-at the point x = a. Thus Fig. Hig. 4.8 
1. Ifthe first derivative f (a) is positive, y = f(x) is an increasing 


_ function of x atx =a. 
-2. If the first derivative /¢(q) iSnegative, y =f (x) is.a decreasing 


function of x atx=ag” 

3. Ifthe first deriVative /(a)"Ms neither positive nor negative at 
X =a, i.e, fT (a= 0 then x =a Is called stationary point or critical point. 
Obviously atthat point tangent is parallel to x — axis. Also function is 
neither in¢réasing nor decreasing at that point. | 


4.6 “Relative (or Local) Maxima and Minima of a Function: 
e & Asfuliction is said to have a reiative (or local ) Maximum at x =a if _ 
(a) isgreater than any value of f(x) for x in an interval around.-a, a function. 

y. = (x) is said to have a relative (or local) minimum at x = a if f(x) is smaller 
than any value of f(x) for x-in-an interval around a. Note that a relative. 
maximum or minimum of.a function is not its maximum or minimum for a 
given interval. Also note that it is possible for a relative maximum value of 
function to be less than a relative minimum value of the function (see Fg.4.9). 


- 
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4 
Ax) Relative , Absolute 










Absolute maximum : minimum 
minimum‘ Ke) for b <x<c 
for b <x<c : 






Relative 
maximum 








Relative 
maximum ? 





Relative 
maximum 






X=CY’ 
Fig. 4.5 
If function f(x) has a relative. maximum of mitimum at a value 
X = a for which its first derivative is continuous, themyf fa) = 0, 


4.6.1 Criteria for finding maxima _and\minima value by first: 
derivative. 


(It is also called near — of test). 


Consider a function f (x) ata value x = a for which f(x) and f (x) are. 
continuous. It is evident geometrically that if f(a) is a relative maximum of 
J (x), then the slope of f(x) [thafis, £(x)] changes from positive to negative as 
X passes through the point x =a, similarly, if f(a) is a relative minimum of 
J (x), then slope of £(x)[thatus, f (x) changes from negative to positive as x 
passes through the point x >a (see Fig 4.10). The corresponding algebraic 
argument is based onthe fact that an increasing function has a positive slope 
and a decreasing*function has a negative slope. 
fix) 
: Slope Zcro 
relative maximum 






-Slope negative 
” relative decreasing 





Slope positive 
Function increasing 







Slope negative 
relative decreasing 







Slope positive 
_Function increasing 






Slope Zcro 
relative maximum 





Fig.4.10 
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Chapter—4 __ Application of differentiation 


If f' (x) does not change sign as x passes through the point x = a, then x = 41s. 
called point of inflection. Tangent drawn at the point of inflection crosses the 


curve. 


Thus, in order to determine the relative maximum and minimum 


values of a function y =f (x). 
1. Solve the equation f (x) = 0 to obtain its roots or critical point 
_(or turning points). Ps . 
2. For each root a (or critical point), determine whether f (x) changes 
sign as x passes through a. ' 


f' (x) changes from + ve to -ve at x = a=prelative maximung at ay 
t'(x) changes from — ve to tve atx = a>relative minimum atx>a 


J' (x) does.not change signatx=a => No relative maximum — 
or minimum at x = a, then x =a is the point of inflection, 


Note: The relative maximum or minimum value (called extreme values) of 
the function can be found byaputting the relative maximum or 
minimum at ~~ : 

x =a in the given function’y = /,(%) 


Method of finding¢maximum or minima. 
The method is explained with the help of following examples | 
Example: pe ab ji | 
’ Show thaty = x— 5x4 + 5x? 1 has a maximum value when 
x = 1 g@fninitnum value at x = 3 and neither when x = 0. 
- Solution: © 
(a8 OOK + 5x? - 1 "2 


4 L nu 
Gyn «y4 3 2 , 
i — 20K + 15x a Sy 
Pay 
eh : , he oe 
Put - =( for extreme values. we 


5x4—20x? + 15x" = 
5x? (x? 4x + 3) =0 
5x? (x-1)(x-3)=0 
x=0,1,3 — | 
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Chapter — 4 | Application of differentiation 
For x=0 | | 


d 
warn x<0,5° = (+ve) (—-ve) (-ve) = positive. 


| d 
0 <x <7, ; _ = (+ve) ( -ve) ( -ve) = positive. 
d 
= does not change its sign. 
‘Hence x = 0 isa point ofinflection. - - 
For x=] 


a 
When 0<x<I,> = 5x? (x-1) (x-3) 
= (+ve) (-ve) (—ve) = +ve 


eg 
1<k<3, Fo =5x?(x-1) (x-3) 





= (+ve) ( +ve) (-ve) =. . 


d . .”. 
- changes sign from positiVe.o negative Fig. 4.7 
"x = IS pointof maxima. 
For _x=3 


When 1<x <3, Me 552 (x — 1) (x-3) 


. = (+ve) (+ve) (-ve) =— ve | 
Wha, VA 93, a = 5x" (x1) (x—3) 
= (+ve) (+ve)(+ve) =+ve — 
dy 


dx changes sign from negative to positive 


x = 3.is point of minima 
Example 2: 


Find maximum and minimum (extreme) values of x° (x — 4) 
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Chapter — 4 Application of differentiation 





- Solution: ra | . ¥ 
Let y=x" (x —4) 
y =x" - 4x 
: 
= 4x 12x" 
x 
= .4x° (x —3) 
Pity 9.0 fore | 
ut dy 7 @ for extreme values. , .,° 
. Fig.4.42 
4x” (x-3)= 0 Fig. 4.8 
x =0, 3 = | 
For x = 
ae eZ , 
When x< 0, Gr ="4x?(X—3)=4(9@), Qe) =-ve 


: | d Bec 8t 
When. 0<x<3,.5° = 4x? (x Me Ateve) (ve) =—ve 


oe —, 
re ‘does not change its sign 


‘ Hence xX = 0 is/a point of inflection 
For x =3 


' dy _ “ar 

When : FOS G = 4x? (x- 3) = 4(+ve) (-ve) = -ve_ 
dy ‘ ’ 

dx 


When > xo , = 4x7(x —3) = 3(-tve) (+ve) =e. - 
R .-'. 3 : , 
| dx changes sign trom negative to positive, so x = 3 gives a 
Minimtim point and the minimum value of y is | 
y=x' (x-4)=(3)) (3-4) =-.27 
_ The curve has no maximum point. 


4.7 The Second Derivative Test 


Considce the function -y = f (x) at the point x = a for which f (x) and 
f"(x) are continuous. The second derivative y" = f'"(x) of y with respect t _ 
Ox 


is the slope at the point x of the curve representing the derivatiy tot 
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Chapter —4 Application of differentiation 


. the function f(x). In | particular f"(a) | is the slope of the curve y of (x) at.the 
point x =a. ; 

Thus if f = 0 and the second derivative f "(ay of a: function 
y =f (x) is positive. y' = f(x) is an increasing function of x at x-= a, in other . 
words slope is increasing as x passes through the pint x = a, the f (x) has a. 
minimum value at x = a. similarly, if the second derivative f(a) of a furfetion 
y' = f'(X) is negative y' = f(x) is a decreasing function of x at x =a; in,other_. 
words the slope is decreasing as x passes through the point x = a, then iy has 
a maximum value at x = a, (see Fig. 4.15). wy 


Tf f ‘(a) = 0, then test does.not apply. 
¥ . es 





Slope increasing 
concave Open 









Slope decreasing 
concave downward 





dy 
lar?) 
x x 
Fig. 4.9 _ | 
ma 7.1 Criteria for Finding Maxima. and Minima values be 2m 
Derivative , 
Ll Find & and pu pit it, equal to zero to find all the values (roots) of x. 


these are a called critical or turning or stitionaey points of = f(x). 


Let the roots be a,b and c. 
2 a ee 
2. Find tee and put one by one the values of x Le., a, b andc 


| 2 
(1) If £Y 39 (+ve) at x =a, then f(x) is minimum atx=a 


‘ ; Bi. hie! = ity ¢ 
(ii) If ey <0 (—ve) at x = b, then f(x) Is maximum at x =b 


2 ‘ 
iii)’ If < = 0 at x =c, then test does not apply. 


4 
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Chapter 4 —  s ____ Application of differentiation 


To find the maximum and minimum. n.values of f(x), put these values of 
x in the given equation y = f (x). Also if f"(x).= 0 and f’""(x) # 0 atx =¢, then 
the function has point of infection at x = c. . 


4.8 High Order Derivative Test and F irst Derivative Test 


When f "(a) = 0 that i is, when the. second derivative test for maximum 
or minimum does not apply, the first derivative test is examined for change of 
sign as x passes through a. There is, however, an alternative procedure, 
involving _ aad lle of DIBHSr ones which is more convention in Some 


cases. 


(F@=s" @=..=f@)=0 
If and 
f" (a) #0 


for n even {f "(a) <0 =relative maximum atx = a 


Then f" (a)>0=> relative minimum at x =a 


for n odd f(a)is neither a relativeymaximum or minimum 
i.€., x =a is a point of inflectiom 


*. 


4.9 . Points of Inflection: ; ; 


A function y = f(x) j is*saideto have a poke of inflection at point whete 
the tangent crosses theycurve. At ithe point ¢ of inflection concavity of the curve 
changes. Since the signjof thé"Second derivative indicates the concavity ofa 
curve, it follows that a change in the sign of the second derivative implies a 


change in concavity (and thus a point of inflection). . 
Consider,a function f(x) at a value x =a for which f(x) and f. (x): are 


continuous. If f(x) changes sign as x passes through the point x = a, then the 
curve repfesenting f(x) has a point of inflection at x = a. In this case f(a) = 0. 
Avpoint of inflection may also occur at a value x = a for which f(x) 
continuous but f(x) is discontinuous. Again, change in the sign of f(x) as x 
“passesathtough a. is ma i from the existence of a point of inflection at 
a a 
Thus, in sates to “Aeteeinine the ‘points of inflection (if any) of a> 


_ function y = f(x). 


1. . Determine~ the values of x for which f "(x) is either Zero or 
discontinuous and f(x) is continuous. ; 

2. For each value ‘a’ determine whether f "(x) change sign as x increases 
through a.. - 


If f "(x) changes sign at x = a = Point of infliction at x =a 
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Application of differentiation 


if f(x) does j not change sign atx = a=> no point of infliction at x=a. 
The method is explained with the help of fallpwmng examples” 
Example 3: 


Find the maximum and minimum a of (x — 1) ™ —2)(x 9), 
Solution: | oi § 
If -y =(%~1)(x-2)(x-3) 

y =x? — 6x? + I]x-6 


d 
= 3x7 - 1x4 1 


dy 
=> . 3x°-12x+11=0_ 


a 
=> Si es 





ta 
nO cer e 
3 


‘ as 
rl 3 
= “S (positive) » 


Hencégex S24 — iF gives minimum values, which 1 is” 
Vv? 


Man (1 A Calle 


— from given equation.) 
iC -1) = a ( g q 






| | se 
‘ For aS 4. 6( 2 = 2 
=12-7R-12 
= FF (egative) 
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Chapter —4 lication of differentiation 


Hence x=2- WB gives maximum value, which ts 


|- I | 
yaar 
9 = _. (1 ae = _s (from given equation) 
: v3 3 ay > 
Example 4: 


Find the relative maxima and minima of the’ function. 


| 
yey a 5 9x? + 3x +1 





Y : 
Salat 3 (pede 
oe = x?- 4x+3 , 
dx 
For the critical points, put 
oy 
“de 0 
So. x -4x+3=0 
(x-1)(x-Y=9 
x=1,3 
dye4 
wy sey — 
rr: gx -4 3 
( So maximum at x =1, 
i = Ne. ¢ 7 3 *) ic =9 I 
If x L dk and maximum value is y =2 3 
— I 
And maximum point s(I 2 zl 
‘So minimum at x =3 
d’y ai A , 
If x =3, 2 20 and minimum value is y = | 
And minimum point is (3 , 1) Figure 4:16 
‘Example a 


Find the relative maximum and minimum (if any) of the function y = x" 
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d 
= = 4x? 
for the critical point, put x =0 
. So, | 4x? =0 
x =0 
d? ‘ 
Ge = 12 x 
Ifx=0, fy = 0, so there may or may not be a maximumor minimum 
atx=0O | 
d? 
Ifx be 0,5 >0 


: So no inflection point at«=0 


d 
Tix 05. >0 


+ To check maximum or minimum at x = 0,.we‘can apply one of the two tests . 
_ A: First Derivative (near — point) test. 


d 
Ifx <0, ay <0 - changes from — ve to tve 
Ifx > 0, >0 So minimunvat x= 0-- 


- And the minimum values is y = 0. The minimum point is (0.0) — 
B: eee Order Derivative Test. 


ay Tx 





ay 
dy dy dy_ 
aie = ax? dx 7 


Fig..4.11- 


and ay, # 0,n is even 


— > 0, So minimum at x = 0 


Example 6:. 


Find the maximum and minimum values of the fi unction. 
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1 “a. | 
yagx ty -2x a dhe nitemal (34), or 3<*3* 


Solution: 
a. We find the relative maxima and minima. 
- 
‘~ = =x?+x-2 


d 
for the critical points, put = =0 


So, x2 +x-2=0 


(x +2)(x-1)=0 


x =—2,1 . Both points lie in the internah—3.< x & + 
a 
- a: team | 
d? 6 , . 
If x= -2, a <1, So*elative maximum at x = — 2 


10 


— 
= 


And relative maximum value is y 3 


Sadia a as O Neer 
If a= 1, a mv. % So relative minimum at x = | 
| : —7 . 
And relative minimum value is y =" 


Exercise 4.2. 


Qa: Find the critical values(or turning points) for x of the functions: 
(idx? 4x +9 (ii) x? -4x - 1 Gi) x? + 16/x 


iv) x2 -3x7-24x +10 (¥) x? +4x” -3x°-5 
(vi) 2x - x? (vii) (+1) - 1/7 
Q.2: Find the maximum and minimum (extreme) values of the 


following functions. 


. . wade .* (ii) x°(x-3) 
: a: qt 
é 2 ‘ x ox « 3 
(itt) (x? = 6x" + 9x +3 - (iv) Fo text 5 
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Chapter —4 3 . Application of differentiation 






Q.4: 
Q.5. 


Q.6: 
Q.7: 
Q'8: 
Q.1: 


Q.2: 


Q.3% 


é ( 


“z 








7 Q.3: 


‘w) 13,-3A) (04-12,0, 1/2 


Wii) 


(iii) 


_ (iy) 
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2x3 iad + (vi) + 2P &=1) 
(x-4P% 22) (vill) (x -2)° x - 3)» 


Discuss Yor relative maxima and minima of the following 
functions: 


(i) yoe a #2 . (11) y= $x —4x746x42 


ve wa? Fe er I 
(ill) sy aX — 9%- (vi) JRR 


‘Find the maximum and minimum values of the function 


sin Xx + cosx inthe interval -x<x<n or [-7, Tedd 
Find the extreme values of the functions: 

(i) -y = cos 3x-—3cosx in the interval (— 7, 7). ° 
(iil) y =x + sin 2x : in the interval/(—%, ue 


Show that x. Mx" has a maximum value for N= 


Prove that x” has minimum value at x= » 


Show that ax has.a maximum Valueat x = . 
Answers 4.2 . 
(i) x=2/5 (ii) x=2\(ilirx =2 (iv) x=-2,4 
(vii) x=1,-13 
Min = 4; Max= 0 


_ () Min=— hO (“ae f. > 2D | 
Ain= _ (iv) Max =35/6 ; Min =17/3 


(iii). @Max=7 ; Min= 3 
(v) Max =47 ; Min aa 78 


ih ee 
(vii) Max = 9° Min =0 ; | 
2 is inflection pt; Min= 0 ; Max = 108/3125 


(vi) Min=0;Max=4/27 « . 


(?) .- x =0 isa relative max, max value =2 — 
x =2 is a relative min; min value = —2 | 
(ii). x= 1 isarelative max, max value = 14/3; 
x =3isarelative min; min value =2 . 
x = 0 is a relative max; max value = 0; 
| x= 3, - \3 are relative min; min value = —9/4, 9/4 


x =-1! is arelative max; max value = —2 
www.facebook.com/Adeeb. Technology.Lab 
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x = 1 is a relative Min ; Min value = 2 , 


E gd 
(= — aun V2 
‘ Se 

Q.4: Max. at x= 7 


: e x points, 
Q.5: Ox 7% Ay we te: p 
Max values. 


_ 22, hy 2V2 (resp) 
iT aU 


X=a—— , — ae Min. points, 
4 4 
_~—2¥2. ,-—2 v2 (resp) | ? 
Min. values = —2 . (resp —s” 


| Te. pss i — —_ _\ 
_ in. value = = 
(ii) Max. value= 3 + " Mi 5 


— 


3 
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Chapter —4 Application of differentiation 


= Short: questions 


Write the short answer of the following: 


Note: Notations (symbols): the various notations used for the successive 
- derivations. of y or f(x) w.r.t. x are enlisted bellows: 


n 


. dy dy dy d . a: 
(1) me ? a ’ ao a (11) Yis Y235 Y35-0000e00-¥n 


Gi) Fu¥ o¥ 5 adeeee Yn 


(iv) SOS OS WS 
(V) Fi ®ifi1 Cse-sahal) 


(vi) Dy DY -D'y (-. D=4). 
a 
d 


If y=x*-3x°+4x-1, find ’ 


LY Ify= {nx, find y2 
Ei cos 3x + sin $x/sRow that y2 aan 0. 
‘Ify= A e™+Be™ pe show that y2—-m°y =0 





Q.5: If y=cos (nx show that x’y2+xyi = —y 
Find the slope of the tangent to the curve y = x’ = 3x + | at the point 


Q.6: . . ° 
whose absé@issa ‘is 2 1.€., X = 2. 
OvT: F ind the yr of the tangent to the curve y = Sin 2x at x =¢ 
} 1 
Q:3: rn slope of tangent to the curve-y = cos?x at X = 4° 
¥ Find slope of tangent tox=a cos 8, y= 7 sin 68 atO= 7 


‘Find the slope of tangent to ite curve y = x°-3x+2at (0,2). 


For the curvesx=t'-l,y= t —t, the tarigent is parallel to x — axis, 


find the-value of t. 


2 


/ 5 oped d'y 
vreau ouvinkitll 
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Q.13: 





Ql. 

Q8. 

- Q12. 
Q16. 

QI9. 


Q22. 


Find the turning (or critical) point of the curve y = sin 2x between 0 . 


and ; . 


Find the turning points of the curve y= x? — 3x + 3. 


5:. Find the turning points of the curve y = 2x°- 15x? + 36x +10. . | 


Find the extreme values of the function y = x? — 4x —6. 


Find the derivative of x=tte' at t=O w.rntt 


The radius of a circle is increasing uniformly at the rate\of 3 cm per 
second. Find the rate at which its area is increasing when radius is 


10cm. 


: If displacement is. s = sin2t, find its acceleration. 


If S =Sin 2t, él we . 


find the velocity at¢ 
_ Find the acceleration of the moving particle given according to the la 


Va 4S- 10, where S and V have their usual meaning. 


If S =log t, find the velocity and acceleration at t= 3 sec. 


The distance x meters moved bya particlé in t seconds in given by 


x=+3t+4 


Find the velocity and accelération, after 3 seconds. 


Aaiswers 
I2.x7~6 QQ? 4 06. | Q7.° 1 
i Q9.. = bla Qt, -3° QIK tay 
seci0 QI3. x=7 Oi4.x=2. °° OI. x=253° 
Vinge — 10°. | Ory.” * 2 —, QI8. 60x cm’/sec.* 
| v=! Q2i. «=2 


a=—4 sin2t- Q20. 


oe 9 | > 
= ivsee. Hy sec" (23. 45 m/sec ; 24. m/sec” 


E 
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Q.1: 


L, 


10. 


Ldee 


Objective Type Questions 


Encircle the correct one of the given answers in each item. 


For an increasing function “y is: . 
é Xx . 
Ore ve (b) - ve (c) zero (d) None of these 
_For a decreasing function ew is: . | 
‘ Ls x . : 
(a) + ve (5) - ve (c) zero ° (d)Nonéof theses” 
If = changes sign from + ve to —ve then it is a pointof * 
(a) maxima (b)’ minima 
_ (c) inflection (d), None of these 
d a . 
If co changes sign from —ve to +ve then itis a pointof: 
(a)maxima “Y (b) minima 
(c) inflection _ _{d) None of these 
It a does not change sign before and after a point where it vanished, 
then that isa pt. of , “ . 
(a)maxima .- Ee _(b) minima 
. (4\inflection pre, n. , (d) None of these 
- A functiofiis maximum at a point if . ae changes sign from’: 
ie ve to —ve _ (b) -ve to+ve 
(c) does not change signs. | (d) zero 


A’ function is minimum at a point if changes sign from : 


(ay™+¥ ve to —ve (by) —ve tot+ve . 
(c) does not change signs (d) zero 

If 2" ‘derivative is +ve at a point, then function is: 
(a)maximum (b) minimum 

(c) point of inflection . .  (d) None of these 
If 2" derivatives is ve at a point ,then function is : 
(Sfnaximum — (b) minimum 
(c)point of .inflection | (d) None of these 


A function is maximum ata point if its 2°" derivative is : 


(a) +ve (By =ve 


(c) zero (d) None of these 


-A function is minimum at a point if its 2™ derivative is : 
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| (a). -ve 7 (By + ve 


(b) decreasing 


at (c) zero | (d) None of these 
J F oe The function f(x)=x? between -5< x $-4 18: 
Pa P . : 


(a) increasing : ec! 
(c) maximum _ (d). minimum 
| Answers . 
l 2. 3 a 4. c 


pa] 
~~ 
Tose 
a 
o 
\o 
~p 
= 
=) 
o 


OCS 


— 
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| Chapter 5 
 -,. Statistics , 
a se, 
5.1. Introduction: “* | ; 
| The word statistics was derived from the Latin word “Status” or Italian - 
word “statistic”. Meaning of both the word is a: political state. In theevery 
beginning, it meant for any information useful to the state.. Now this word jis 
used in the variant of ways. Statistics play an important role intevery field’of 
life. Whether we are at home, at college, in the office statistics \is all” over 
there. Z 
Statistics plays-.an important role in business, banking, \ insurance, 
‘economics, science and engineering. Implementation of Statistics spread over 
all those branches of human knowledge in which a grasprofthe significance of 
large numbers is looked for. 
5.2 Definition: 3 | 
Statistics is a science that deals with the collection presentation . 
analysis and interpretation.of numerical faéts, | 
5.3. Data: wt + af Be 
The word statistics means/numeriéal data i.e., the numerical. facts 
- relating to any filed of study known as.data. There are several types of data. 
(a) ‘Raw data: ) ee 
_~ Data which haye not arranféd in systematic order 
Example 1: . . 
Marks of the student in mathematics 49, 36, 35, 15, 18, 48, 75, 73, 42, 
32 represents a rawedata.’ " oP S. 
(b) ~° Discrete Data : 
- DatayWhich'eonsists only whole numbers is called discrete data. 
Example: Runs record by batsman because there is no fraction in it. 
(cl, - (Continuous Data: 7, | 
Data which:consists only continuous variable such as temperature of a 
" particular day of a child etc. there is fraction in continuous data. 


5:4.” Tabulation: | 
Systematic arrangement of data into rows and columns is called tabulation. 


‘Example: 
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Chapter #5 A Poh 
5.5 Frequency Distribution: 
The arrangement of data accor 
_as frequency.distribution or group. Formation 0 
upon the following facts: 
(a) Number of classes to 
(c) Class limits. 


Group Data: | , ~~ . ; wg 
Data presented in the form of a frequency distribution ar 


grouped data. 


Class interval: 
Suppose we collect data of different stu 


“in the following table. 


ding to its size and magnitude is known 
f frequency distribution based 


be taken (b) Interval of the class. 
(d) Frequency in each class. 


e also” talled 


dents who get marks\a$ shown . 






In the above table we have 0 — 4,5-9, 10-25, 26 — 30, as intervals. 
‘ Where first number in each interval is’ called Iower limit and the second 
number is called upper limit of the interyalii.e. . . ui 


Lower Limit Upper Limit 


0 yk 

5 ’ 

10 9 

% a. 
30. 


5.6  ComulativeF¥requency Distribution: , 

' . The, total frequency of all values less than the: upper class 
boundary of a givensClass is called Comulative Frequency Distribution or 
imply Comulative Distribution. e.g., 

opm [5S 
Teh") Ee Ee 
6668 | 








5.7 Class limits and class boundaries: 3 
Consider the class 50 ~ 54 and 55 —59,. here 50 is the 
lower limit and 54 is upper limit. Also 49.5 is called the lower class 
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boundary and 54.5 js called the upper class boundary. The lower class 
boundary is obtained by subtracting 0.5 (== = = = 0.5) from 
2 : 


the lower limit and upper boundary is obtained by adding 0.5 in the 
upper limit. 
5-8 Size or length of a élass interval: , 

| The difference between the lower and upper class boundarieSis 
called Size or length of a that interval. e.g.” the length of the class interval 
50 — 54 is 54.5-49.5 =5 7 | 
5. - ’ Mid point: 


The mid point of the class interval 50 — 543 is abAinedl as 


S0+54 _ 104 
‘eo Pn = See 


2 "2 
Class boundar 


— , 
7 
26 — fama ae fe 
na ee ee 
0-84 9S Byes Ci 
= — +} —_ 
a cra | 
(99 pas 
5.10 Aveta. Viean, Median and ill : 

A valué around the whole data is scattered, known as measures of 
central #€ndeney or averages. The following are the important types of 


averages 


5.11 “Types of Averages: 


Li Arithmetic mean, arithmetic average or situply. mean 
é (2) Median 3 Node 
5.11.1 The'Mean | . 
The arithmetic mean or simply the mean in defined as the value obtain 
. by dividing the sum of the values by their number. This is used in finding the 
batting average in crickets, in finding average number of goals scored in 


football and so on. 
(a) Mean ial ee Data: 
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x,, is denoted by X and is 


The A.M. of the values X1, X2, X3.--*gr0000077 
given by ‘ 
cols i Tee coe eee + < 
a gM RS Niiwe oes neee eee Xn 
A.M.= ° X= S———See 
, 
Dek 
= 
Where. n = Total number of values 


Example 2: Find the mean of the numbers 5, 8, 10, 12 and7 
“ a §+84+ 104-1277 42 ¢ ths 
AM =x i gers 8.4 


(b) Mean for Grouped Data: 

If the number of values in the 

classes with frequency distribution. Then for group/d 

used. 

> We re 

A.M. = X= iz Ese 

Herc "Gee tite Pee Me 

Example 3: Find the mean for the following distribution showing marks 
obtained by 50 sutidentsan English. 


[Marks 
Frequency] 1 | at 


Solction: | Construet the following table: oS 
Maik Frequency (f) | Class marks (x) a: 2a 
22 a re 


20 — 24 le 


data are very large, then ibis divided into 
atavtollowing formula is 


° 
























—— 





Average of class marks in each group (or interval) 
— fx _ 1950 


n = 50 and = fx = 1950 => AM=X= - 50 
Short Method for Finding Mean: 

(c) Mean for Ungrouped Data: 
hod is very useful. In 


When values of x and f are large then short met 
n is guessed and deviations are considered 


"Here; x= 
= 39 marks 


this method any provisional mea 
www.Y 
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II is se ee, eg 


fron isj ' Pais 
n the provisional mean P.M. Then Deviations are added and this sum is 


divided by the number of items is added to it giving the required.mean. 


— v 
. A.M..= X =P.M.+ 52 
When P.M. = provisional mean 
D = deviation of value from p.m. 


Example 4: Find the mean of following values using short.metho@»] 84 
191, 172, 168, 187, 189, 196, 189, 193 and 195. 
Solution: — Let assumed mean = 180 
Now take deviations from 180 


D=4, 11,-8,-12;7, 9,16, 9,13, 15 


= D= 64 
AM.=X =P.M.+=2 
64; 
= 180 +75 = 186.4 


(d) Mean for Group Data: 


The short formula to find the mean for grouped data is 


Example 5: Find the mean weight of 120 students of a college for the 
distribution of weights. 4. 

Solution: —§ The/eomputation of means is calculated with the help of — 
following, table: 


marks x f | D=x-— 144.5 
| 14s UF —r | -30)—- | 80 
= 80. 
134.50" -170 
144°5 
15455 - 
ff 184.5 
174.5 
184.5 
194.5 
204.5 
214.5 













Nw] — 
oo}m 


250 
360 . 
390 
240 ¢ 
250 
: e 






A). 


WIlbo 
‘ 


13 


-- 
Nn 
So 


~~) 
| 
~~) 
(amp) 


; 
=) 






N = fd = 1680 — 280 = 1400 


Total: N= f= 120° 
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A.M. =X =P.M.+ | 
= 144.5 +. naa = 144.5 + 11.67 = 156.17 Pounds 
Frequency distribution given below in the table of production 


of engineering products. 
- Cost of Production f 
0-4 5 
4-8 7 
8-12 9 
6 
3 





Example 6: 


“2-16. 
16 —20 
Calculate A.M. for the given data 
Solution: Let P.M. = 10 | 


Cost of | F 
Production | ° 
0 





5.12 \Definition: 
7 Median is that value Which divides 
the data are arranged in order , it j 

| number of value, We take the me 
calculate the median as 


(1) when n is odd a (NEE 
ies on (=) th value 
Medi = -|2 n : 
~ 2 Lz th + > t1) thy 


(it) when n is even. 
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he 


5.12. 1 Median For Ungrouped Data: 
Example 7 (i) Find the median of 4, 3, 5,2, 11, 


Write the values in ascending order 2, 4,45. 11 
Here n=5 


; et 
Median = one th value 
= a - 3th value 


1.€. The median.is the third Glee which is = 


Example 7 (ii) Find the median of 4,3,5,2.6.11 
. Write the value in ‘ascending order 2, 34, 5, 6, Th 
Here n=6 


¥ Median = 2th x (= +1) th lea 


= ~{* th + (2+ 1) th value] 
= =<" +.4"") 


ne =» — 


The median is 4 5 


5. 12.2 Median for Grouped. Data: 
Mediatifor the grouped data is given by 


Medi f =(3- ) 
+ 
edian = F Cc 


When f= . lower limit of the relative class interval. 
_. = class interval. 
n= Total number of frequency. 


= Cumulative frequency of the group srceeline the 


median group 
f=. ‘Frequency of.the median group 
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Example 8: Calculate’ the median from the following table. 









s called a median,class. 


The class which corresponds to ; th value 1 


100 
That is median class = th item = (4) th item 
= 50" item 


| 50 lies in 62 class 
Here C.f of preceeding the median class is C = 40 


h Wn 

Median =/ + f ( - c} 
Here ? = 20 lower limit.of median.class 

h =5 »=(lassinterval 
= ffequency of the.median class 
cumulative frequency of the group presenting in the 
median class ‘ 
n = 100 =the median class frequency 


mh 
ll 

i] 

tee) 
| 


—¢ =40 


5 (100 
Median = 20 +3 7 - 40] 
50 440+50 490 
20 +55 og, gg ET 


Example 9: Calculate the median from the following table. 
Solution : | 
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oa h . ; : 
Median =%=¢+=(2_,) a ; 


f 2 


— 


The necessary calculation are as given 











, 144.5 — 164.5 5 | 

165 — 184 1645-1845 [27 SO | 

= | 184.5 20453 EF 
30 . | 


= 
‘Now, 7 th value = e = 15 th value 





The class which corresponds to 15 th values#5™l 04,5 — 124.5 
Thus / = 104.5 , h = 104.5-124.5=(90 . f=8, c=13 


: ; h n | 
Median = 2+. — (5 - c} 


72 
, 2 
' . = 104:5+- € cig> 13) = 1045+ = (2) 
= 109.5 
MODE 


5.13 Definition: | 
A yalue which occurs maximum number of times in the data is called 
a Mode! 7 
Note’: A set of data may have more than one mode or no mode at all. 
5.33.1 Mode for Ungrouped Data: : 
Wind the mode of 2; 3, 4, 4, 4, 6, 8, 9, 9, 9, 9, and 10° 
“* The 9 occurs most frequently and is the mode 
Example 10: Find the mode of 1, 2, 5, 6, 12 and 13. . 
' Above data has no mode. 


5.13.2 Mode for grouped Data: 


There are three different formulas to calculate mode . 
a. oe m 


=~+—— ; 
L. paces (fm =f +m es f2) 
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9 Mode = £2 = 
dos ode = fj + f> 


3. Mode = 3 median —2 A.M. 
2 = lower limit of the model class 
- fe, = Frequency of the model class (highest frequency) 


f, = Frequency of the class preceding the model class 
f) = Frequency of the class following the model class. 

. hh = Class interval. ss 

Example-11; Calculate mode from the following data. 


Where 


Marks No. Students 
0-10 - 2 
10-20, 7 
20-30 © ad 
30 —40 . 6 
ona, 40 — 50 4 
Solution: 25 
Marks: No. Students, 
0-10 2 : 
10-20 ; — f; 
20-30 Ni . = fin 
30 = 40 L \® 6 fF 
40-50 ; 4 
Here P= 20 f,, = 12 
f| =7 fo =6 
h 10 


eh 
xh 


2 aL 2 ee 
een 1: Mode = i Ue —fWin =) 


oe co 
10 


=") 
20* = 1) +( 11-6) * 





4 
=90+y,5 2, 


3 
=20+-y = 20+4.44d = 24.44 


. h 
F la 2: = ais 
ormula 2 Mode =? *y wh 


=20+ 





xh 





146" 
= 20+ 4.615 

: ‘ 9 
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: | =24 615 ~ 
Formula 3: Mode = 3 Median —2 A.M. 








‘ Oa 5455 = 25.455 
Mode =3 Median¢2 A.M. 
= WD5.455 — 2 x 26 ) 
=~ 96365 — 52.000 = 24.365 


Exercise 5.1 


o 


? . 
Ql. Find the mean median and mode of the following scores. 
W)J 2,3,3,3,5 (ii) 4,0, 2,9, 0. 
A(T) 0,1,4,5. 9,9 tiv). 5,0, 1,2: 9.7 


Q2._/ Find the mean for cach of the following sets of data 

~~ (i) 60, 62, 68, 72. 76, 86, 85, 83 and 85 : 

: (11) 10, 17, 29, 95, 95, 100, 100, 175, 250 and 750 

Q3. Calculate A.M. Median from the following data: 
Marks 15, 17, 18, 19, 20, 25, 26, 27, 28, 29, 30, 31 
Boys: 30, 34, 9, 38, 15, 50, 52, SI, 56, 58, 15, 62 

. °Q4. The following table gives the marks obtained by a batch of 5 students . 

- in an. examination in English, Mathematics and Computer 
Applications. 
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Q6. 


Qi. 
 Q8. 


Q9. 
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| In w 
Find the arithmetic mean (A.M.) from the following frequency, 


distribution. 
Marks Frequency 
- 1] =—25 6 
25 —40 | 20, 
40-55 - 44 
55-70 26 
72.85 3 
85-100 I 
Compute mean and median from the datasgtyemabove. 
Class Interval Frequency _ 
0-5 ens Se 
10-15 ow 1 
15 — 207 ” 16 
2022 J _ 12 
2qfauy tC 8 
30535 4 


Calculate the mod@ef the following data: 
Weights M™ 5° 6. 7 8° 9 WW. Il. = 
Frequency Q& 9S 8 -9 12 14 14 #10 11 73 


"Class Infepval W— 3, 4-6, 7-9, 10-12, 13-15 and 16-18 


ay. 5 20 22 14 and 17 


Frequency 
~ Calculate A.M., Median and Mode. 
Weekly wages - No of Workers 
0-4 6 , 
4-§ : 15 
8 — 12 "ge 
12-16 : 38. 
- 16-20 45 
20.—24 25 
= fe 13 
28 — 32 «6 


Calculate A.M., Median and Mode 
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Q10. For the following frequency table catealats: the arithmetic mean, 
median and mode. | 


Seem i 59] 38 [57 [55] 55545552] 1 0] ww a 
m. : ; 

No. of|1 [3-/7 [8 [25 

Boys | , | 


30 | 55 | 50 ‘a 38/ 30/9 |4 


Answers 

















l. (i) 3.2,3,3 Gi) .3, 2,0 Gii) 4s 45,9 (iv) 2.5 AM 


(i): A.M =752 (ii) Z M =162.1 

A.M. = 25.246 Median = 27 approx, 

Computer Application = 228 ~ é ; 
A.M = 47,95 6. A.M =18, Median =U8 7. Mode =9 
A.M = 9.86, Median = 9.41, Mode = 10*@tapprox 
A.M. = 16.2 , Median = 16.8 , Modée= 17.838 - . 
0. A.M.= 52.07, Median = 52.08 (offers) Mode = 52.67 (approx) 


mH OOUNUAWHN 


Measures of Dispersion 
5.14 Introduction: __ 

Measures of central tendency inform us about the value around which 
the values. of individual itemsevary. Now we attempted to find measures of 
dispersion. The measures used for this purpose are called measures of — 
dispersion or tedasute of variation. There are different ways of measuring 
dispersion but following are commonly used. 

Lis Mean Deviation. ke Standard Deviation 
5.14.1 Standard Deviation i 

The positive square root of mean of the squares of all deviations taken 
from the arithmetic mean. , +. #8 

The standard deviation of a set of n value Hes Nodcecesvceun x3, which is 
deriéted by o (read as sigma) is given as. 

(1) °. For ungrouped data 





~ 


' (2) For grouped data 
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if G-—<)* jRExt - a 
= ——_———— or > 
° aS 4 


Example 3: Find the standard deviation from the values 2. 3, 6, 8, 11. 
2434+6+8+11 30, 
“2 ~s 


Solution: Here, X-= 


sce 2 
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Exercise 5.2 a 
: Calculate the S.D from the Mean for the following data, 2, 6, 9, 12, 8, 
, 13;.5,.6, 23, 16 
2. Calculate the S.D from the Mean for the following data 68, 49, 32, 21, 
54, 38,59, 66, 41. | 
3. Find the median and the standard deviation from the mean for the. datay, 


(0| 12 [14] 16 
18 | 20 | 22 










Daily wages 
No of Servant 






4. Find the standard deviation from the mean of following data, 
Marks . No. of Student 
0-2 2 
2-4 10 
4-6 26 
6-8 32 
8-10 8 
10-12 ’ a 
i Find the S.D. from following data: é 
3, 9, 13, 17, 19, 25, 30, 32, 33, 340.41 
6. Calculate the S.D from thestollowing data 


Size Item 2 3: fer 6 7 8&8 8 . 
Frequency 9 6 @2 @2 2 4 3 = 3 2 3 

7. + Determine stangarg deviation trom the following frequency 
distribution. 





eee 
8. Calculate ~~ deviation from the lw data. 

_Wanes 

Lie a 
® perins 


9. Calculate the standard deviation from the following data 
Qnefip: 20-24, 25-29 , 30-34, 35-39, 40-44, 45 — 49 , 50-54 
VJieftiency: O1 , 04 ; O8 , Il, IS , OF , 02 
‘0. ~~ From the following data calculate the S.D | 

Height in inches : 60 - 62 , 63-65 , 66-68, 69-71. 72- 14. 











No. of students Ss ,. We , 42, 2’, 3 
? | | Answers | . 
lL ° SD=5.86 2. SD=14.96 3. Median=12,S.D=5.54 
4 S.D=2 4, S.D. = 1161 6. S.D= 3.11 


1 §D.=68 8 SD.=104 9. S:D=685 10. S.D=2.93 
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Soived Short Questions 


Write the short answers of the following : : 
Q.1:. Define statistics. ~ 
Q.2:  .What is primary data. 
Q.3: Define Secondary data. 
Q.4: Define the terms “Population” and a “Sample”. 
Q.5: What is a frequency distribution? | 
Q.6: | What is the class interval? 
Q.7: Which of the -following variables are discrete and which are 
continuous. 
(1) No. of persons in a family. (ii) No. of books inva rack. 
(iii) Age ofa person. (iv) .- Price ofmiee- 
(v) Height of a child. 
.Q. 8: If Mode=15 , median= 12, find Mean 


O. 9: Define arithmetic mean. 
(Qfoy7zhe arithmetic mean of 7 enue is 6, cd the sum of values. 


Q.11: Define median and mode. 
Q.12: Find median and mode of the following data. 
-X: 2 , 4 6 8 10 


f 13 Ja W 18 10 
» Calculate theanedian for 88.03 , 94.50 , 94.90 , 95.05’, 84.50 © 


- Write formula to tind median for grouped frequency distribution? 


PR Definegtandard deviation. | 
“16s. How dan we calculate the median for odd data. 


oN Rind S.D. of the values, 2, 4, 6, 8, 10. 
Write formula to find mode of a seed frequency distubution. 
How can we calculate the median for even data 
6.20: Find median and mode of the values 2, -1, 7, 0, -4, 2, 5. 
Q.21: Find mean of the data. 4 # 

x: I 3 , 7" 9 

Fi 2 2. fi 6 4 
Q.22: Find median of the grouped data. 

Group : ‘0-4 5-9 10-14 15-19 

fot 2 9 ll 8 
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Chapter #5 | ‘Statistics 
' _ Answers . | 
Q.1: Statistics is the science of estimates and probabilities. 
Q.2: It is most original data and_has not undergone any statistical treatment. 
In other words, it is first hand information. 
Q.3: ‘It is that Data which i gone through statistical treatment at least 
, once, ; 
Q.5: A tabular arrangement of data, fn which the values of a variable are 
grouped along with their respective frequencies. 
Q.6: The difference between upper and lower class boundariestis theyclass 
interval, of that class.. 
Q.7: Discrete: ~ (i) (ii) (iv) 
E Continuous: | (iii) (v) 
Q.8: 10.5 f., 
Q.9: Let XL X2, X35 ssXn:be n values of a variablesxé then their arithmetic 
>I Sj ‘ 
_ mean is denoted aid defined i> “N $= 1,2; 3a 
Q.10: 42 | 
Q.11: Median: the value ‘hited die’ an arrangement data into two equal 
parts is known as median. 
Mode: It is defined asthe most frequent value in a data. 
°Q.12: Median’ =22 \ Mode = 54.4 
Q.13: Median = 94,50 
pra h(n 
Q.14: Median = {+ t (2 -) 
QMS: UA 9 Xi, Xa, X3,0....... XX, be n values of a variable x, then. their 
standard deviation is . denoted and defined _—_as 
; i=1,2,3,.,n 
' nt+1 
Q.16: Median = ie th value 
Q.17; §.D=2.84 | 
Q.18: Mode = ¢+-—/2 = xh 
(fn —Si¥fn — 
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- Q.19: .Median = =|" th og (> + 1) 7 value 
Q.20: median = 2 » mode=2 


Q.21: Mean =5.2 
Q.22: Median = 11.3 


_he meetin 
Fed re 


9-170 } ~~ 2) s 


. 
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a. Objective Type Questions 7 
Q.1:_ Encircle the correct one of the given answers in each item. 


SZ ; = az Firsthand information is called 


(4) Primary data (b) Secondary data 
_ (b) Raw data (qd) Continuous data 
2--- A set of data is called i , . 
(a) _ Continuous data (b) Discontinuous data 
( Population (d) ”-Sample 
S P a ‘W-- Subset of a population is called ; 
~ (a) * Raw data (b) Secondary data 
(c) Population Sample, 
4---. A table showing the cumulative frequency is called) ©. 


(a Cumulative frequency distribution (b) Sample frequency 


! (c) Normal distribution (d)Binomial distribution 

5--- The difference between the lower and’upper ¢lass boundaries is called 
(a) Common difference (bySize or length of interval 
(c) Difference operator (d) Size of the table 

6--- Sum of the lower and upper ¢lass limits / boundaries divided by two is 
called ) | 


(a) _ End point ~ (b) “Important point 
(¥~ Mid point (d) Significant point 


7--- A quantities whose value Varies is called ' 
(a) Constant (b) | Parameter 


 (¢), Variable (4) Function 
8--- A quantiti€whose value remains fixed Is called 
(a}—_Constant 


“(b). Variable 
(c) ¢ Parameter (d) Function 


%--  Mean§.Median and Mode are the types of 


Average 2 -  (b) Function 
: (c= Variable | (d) - Constant 
10--- Phe sum of all variables divided by their number is called 
(a) Median . "of Arithmetic Mean 
.. ks) Mode (d) Geometric Mean 
n+1 : 
I1--- When n Is odd, ‘con value is called 
(a) . ean : (b) Mode 
( Median 


(d) - Harmonic Mean 


; a h n ‘ \ 
12--- The formula % = ae (2 ~ ¢] is used for finding 


f 2 | 
sc pve edian, for grouped data wwllncebooherinAneae fypeyeloay.Lab 
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{3s 


14--- 


—_ 


6. 


ATce 


(c) ~ Geometric Mean (d) Mode 


In the formula X =@+ j = c | 4 cchors 


-(a) class interval 


(b}~ lower class boundary of the Median class 


(c) frequency of the Median class 3 
(d) commutative frequency preceeding to the Median class 


h 
In the formula x=¢+ Fb - c | » & denotes 
(a). . Total number of frequency 
(b) _ Lower class boundary of the Median class 
(sy Class interval ° 
(d) Frequency of the Median class ; 
In the formula .<=?+ F (3 - c | ‘ c denotes he 


(a) _ class interval | 


. (by commulative frequency pecoie to the Median class 


(c) number of frequency 

(d) frequency of the Medianclass* 
A value which occurs maximum num 
(a) ‘Mean 


et of times in the data is called 
(b) | Geometric Mean 


(c) » Harmonic Meage: % - «(~~ Mode 
fn- fi 
The formula t+ & NG: fe, =f) xh is used for saith ; 
i ay Mode for Srotiped data ~  (b) ~~ Median 
(c) Mean (d) . Geometric Mean 


‘Tix 


Mode ¢éan be calculated by the formula - 
(adem, Mgde = 3 Median — 4 Mean 
(B)f Mode= 4 Median — 3 Mean 
(~~ Mode = 3 Median — 2 Mean 


AV Mode = 2 Median - 3 Mean 
10D. 


The formula for calculating Standard Deviation is 


(a) o= joes (b): -- o= Eee x) 
n - | % 2 ne 


| Dx ) | _ z\2 
(c) o= oa .. ? (ay as U(x — X)*_ 
i n 
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20--- The formula for calculating Standard aviation for grouped data is 
Si F 


Pa | EF G- Z) 
os | Sf. (b) Ti 

, [af Ge=x) | ‘ [EF cx x2) 
(c) 2 oe (d) “+ 


sy Answers 

Ql. 
1. a Z;  --3 d 4, a,’ 5. b 
6 c %. - *q 8 -a 9. ft 10. b 
ll. oc be 13,° b 14. \\c 15. b 
16. d 17, ‘a 18. c. 6. Ara 20. a 
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: | Probability aa 
i 
6.1 Introduction: 

. - Probability is a familiar concept in our daily life. Probabilityis Often 
referred to as chances” or “ Odds”. When'the sex of an expected child, for 
example, we say the chances are about “fifty fi fty”, that it Will be,a boy. We 
may predict the out come of some event by saying that chancesyof happening - 


‘ are 2 to.1 or that 10 to 1. These are probability statements: 
The first step in considering probability formally is to establish a 


numerical representation of probability. If there, isabsolute certainty of 

happening of some outcome, the probability is 1. But®if some outcome is — 
absolutely not to occur then probability is. zero, Any intermediate probability, 

is represented by some value between 0 and I: 

Probability theory has an importanitwole-in making important decisions 
in uncertain situations. It has a wide range of applications in many fields. 
Before defining it, some verYtimportant terms are being given, which will be 
‘used in solving eitietent Prgaiem and proving theorem of probable in this 
chapter. 

‘6.2 - Experiment and Random Experiment: 

An expefiment isea’ process of getting an observation and if, under 

' similar conditions am experiment, produces different results, eyen if it is 

‘repeated many times if is called a random experiment. We cannot predict next 

out come. 
Tossiig of a coin or rolling of die are examples of random experiment. 
6.3 -~Sample Space: 

\ “Set of all the possible outcomes of an experiment is -called sample 
space, Each out ‘come is called a sample point. Some examples - of sample 
Space are given below. | 
af Tossing ofa coin {H, T} 

: Tossing of two coins {HH, HT, TH, Tri * 

Rolling of die {1, 2, 3, 4, 5; 6} 
Rolling of two dice { (1,1), (152), (1,3), (1, 4), (13 5), (1, 6), (2, 1), 
(2, 2), 2, 3),.(2,4), 2, 5), @, ©), 31), G2); GB, 3); GB, 4), 8,5): 
(3, 6),, (4, 1), (4, 2),-(4, 3), (4, 4), (4, 5), (4, 6), (5, 1), (5, 2), (5, 3), 
(5, 4), (5, 5), (5, 6), (6, 1), (6, 2), (6, 3), (6, 4), (6, 5), (6, 6),} 
Sample space Is usually denoted by S. 
www.facebook.com/Adeeb. Technology.Lab 
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Chapter #6 : Probability 


6.4. Event: 


Itis a subset of a sample. space. For example considering the sample 
space of two coins tossed {HH, HT, TH, TT} A = {HH, HT} and B = {HH, 
TH} are event. An event may be simple or compound. If there is’ only one 
sample coe the event, it is simple otherwise a compound event. . 
imple events from the above sample space are {HH}, (HT}, {TH} ) 
and {TT}. ple spi {HH}, (HT}, {TH} ) 
Events are of many types and play an important role in the théory’of 
probability. Some of its types are given below. N 
6.4.1 Mutually Exclusive Events: . 

Event A and B are mutually exclusive, if both of:therf’eannot occur at 
the same time. In tossing a coin head and tail cannot Occufat the same time. 
There may be some events which can occur at the-Sameetime, even then they 


are mutually exclusive. : 
For example, from a well shuffled pack of\$2°Cards, a randomly drawn 


- card is spade and a king as well. So it is both a spade and a king. 

6.4.2 Equally Likely Events: 

If the chances of happening»of every outcome are same, the events are 
called equally likely. For example wheh,a coin is tossed, the chances of a hea 

_ anda tail are same. _ 

6.4.3 Exhaustive Events: \\. | 

Events are exhaustive,Jif they constitute the entire sample space. When 
a coin is tossed, €vents are {H} and {T}. there union.is a sample space. 
6.5  Definitionof Probability: 

If we,have a’mutually exclusive, equally likely and exhaustive sample 
points in a sample space and m of them are favourable for happening in event 


A then. , 
number of favourable points 


PA) = _total number of sample points 
“. If for example we-throw a die, sample space is {1, 2, 3, 4, 5, 6} and 
favourable points are 2 and 6 in event A then S 


_ favourable points _2 _1 
P(A) - sample points 6 3 
Example Lt 


: From a well shuffled pack of 52 cards, a card is drawn at random. Find 
_the probability that it is a (1) king (2) card of spade (3) black card (4) a 
pictured card. . . 
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| Chapter # 6 . Probability 
‘Sdlution: con *S : ) 
Total number of mutually exclusive, equally likely and exhaustive 
cases = 52 os 
1. ‘Number of favourable cases to the happening of a king = 4% 


-(‘. there are 4 kings in the pack of 52) 
| I 


4° 
Probability of king= 55 = 73 
7 me Number of favourable cases to the happening ofa span part = = 13 


AS there are 13 spades in the pack of 52). - 


ca Probability of spade = 5 = ; 
3. . Number of favourbale cases to the Parnell ofea black card =.26 
(*." there are 26 black cards in the pack of $2): 
er * ‘Probability of a black ‘eard = < =3 
_ 4: Number of favourable cases to the happening of a pictured card = 
" (. there are 12 pictured cards 1 ingthé pack of 52). 


om Probability ab a are card = s = = ; 
| Example 2: | ae 
A slip is picked, out ok 10 slips numbered Ls By Beiswcuas 10: what is the 
probability togerthe, 
Ls Slip number divisibic - 3 2. Slip number not divisible by 3 
Solution: e* | 
* (Sample space {1,.2, 3,4, 5, 6,7, 8,9, 10} « 
“ket A =Event containing slip number divisible eby 3 = {3, 6, 9} 


2 
. P(A) = 749 
--B = Event cae slip number not divisible “by” 
= {1, 2, 4, 5, 7, 8, 10}. 
bs . 
PLAY 7g 3 > 


Example 3: 
If a pair of dice is rolled. What is the probability that 
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é 1. Asum of 6 occurs Zi 
Solution: 
Sample space by rolling two dice is 
{(1, 1), (1,2), (1,3), (1, 4), (2 , 9), (I , 6), 
(2, 1), (2,2), (2,3), (2,4), (2, 5), (2,6), 
(3 , 1), (3 , 2), (3 ; 3), (3,4), (3, 5), (3°, 6), 
(4,1), (4, 2), (4, 3), (4, 4), (4,5), (4, 6), 
(S51), 4,2), 6,3), ; 4), (5, 5),(5 , 6), 
(6,1), (6, 2), (6, 3), (6, 4), (6, 5), (6, 6) } 


_ Asum-more than 8 occurs 


l. Let A = event containing pairs having. a sum 6 
: A=, 3, (2, 4), (35 EAP (4, 2); (5, l)} j 
No of sample points in the sample space = 36 
Number of sample pointsvin A 


- So, P(A) = 
“ad ' Total number of Sample points 
' 5 i 
a» a @' : 
2. - Let B-=event containing paifs haVitig a sum more than.8. 
— B= {G,.6), (4, 5),(4,°6), (5, 4), (5, 5), (5, 6), (6, 3), (6, 4), 
(6;5),6.€F SQ. | oe - 


P(B) = Os of sample points in B - 


total ne. ofsample points in the sample space 
If 22. | ar 

“ar 360, -J8 

Example 4: “A box contains 6 red and 4 yellow balls. Two balls are drawn 
at random fromthe box: Find the probability that. - 


P(B)® 


1. ~~ Bothare yellow 2., One is red and one yellow 
Solution: Total no. of ways in which two balls are drawn from 10 is () = 45. 
10 ‘10! 
Because, k ) = 2!(10= 2)! 
z 10x9x8!-- 
a Deer 


A No of ways that both drawn balls are yellow as () =6 
se ¢ ; 6 
Probability that both are yellow balls = 45 = 
2 No. of ways that on red ball is drawn’ = ° = 6 


; : 
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+ O46: 


O.7: 


Q.8: 


0.3 


Q.10: 


~ number. 
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; . 4 
No. of ways that one yellow ball is drawn (*) a4 
rawn =6 X 4= 24 


No. of ways that one red and one yellow ball is d 
| 24 °° 8B 


Probability that one is red and other is yellow = 45 = 15 
Exercise 6.1 


A fair coin is tossed twice. What is the probability that we get. 
(i) At least one head - (ii) One head . 


A sorte die is rolled , find the promabityy that it shown aft even 


What is the probability of getting at least one tail, ‘ee: three coins are 


tossed. 
If a dice is rolled. What is the probabilityhat 


An even no appears 


~ (i) 
li An event no divisible by 3, appears 


(11) 
If two dice are rolled. What is the probability that. 


(1) A sum greater than 9 appears 


(ii) | Six appears on none ofthem 


(iii) | A sum divisible by 5 appears 
(iv) - Six appears on both of them 
A sum of 7.appears.. 


» (v) 
Three dices are r0lled. What is the aeababiliey that 


(i) A sunfofil| appears 
(ii) Asum of ISappears , . 
A card issdrawn, at random from a well shuffled pack of 52 cards. 


What is.the probability that it is. 
(i) jack (i) red card | 


(iijy™ Pictured card ~ (iv) | diamond. 
A letter‘is chosen at random from the word“Magneto hydrodynamics" 


What is the probability that it is; 
(i) The letterh (ii) A vowel (iii) © Consonant. 
There are 9 apples in a bag, 5 red and 4 white. At random two apple 


are drawn. What is the probability that: | 


(i) Both are’red (ii) . Both are white — 


(ii) | One is red and other i is white 
If all the digits’in all the dates of May in a calendar are shuffled: well. 
What is the probability that randomly aca digit is. , 


(i) 2 - 3 
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Answers _ 


ey 
eel 3 
OL 2e5 Ot 5 Oa Z Q.4 +2 
125 904° 7 997 
Q.5: RAL Y ARSE ey : or. ae as dg 
é ioe ge: Q6: 316’ Tos |= 7 13927574 
ee hed / 21s /B Ss 
Q8: 59 10° 10 Q9: Tg56>9  Q10: G5. 53 


6.6 Laws of Probability: 
Following are some of the basic rules for calculation -: probability 
6.6.1 Addition Law for ceaie. Exclusive Events: 
Theorem 1: 
| If A and B are two mutually oxen events. Probability for the 
happening of A or B is the sum of their, individual probability. 


te. _ P(AUB) = LA PRB) 


- Proof: 
Let the sample points inthe sale space = n 


_ Sample points in therevent A a 
Sample points,in the event. B=m 
. £* 
Then... | PO) =), and P(B) = =— 


Now sample points in A or B= ¢+m 





ne ‘f+m 
And | P(AUB) = y, 
to @ 
-P(AUB) = >, + 2 
= P(A) +P) | 


’ This is the érocit for two events, we can also prove this theorem for 


more than two mutually exclusive events. 


,? 
www.YouTube.com/AdeebTechnologyLab www.facebook.com/Adeeb. Technology.Lab 





oe | — 


www.SalmanAdeeb.wixsite.com/DAE-Cit-bbéks , www.facebook.com/Gctpak 
Chapter#6  ~ ne Probability 


ca er a a a aaa Ca 


Example 5: 
Two fair dice are rolled. What is prabability a sum is 7 or 9. 
Solution: 
We ‘know (from the def. of sample space) that there are 36 6 sample 
points in the sample space. 
Let | A=event containing pairs (sample points) whose sum is 7: 
= {(1, 6), (2, 5), (3, 4), (4, 3),S, 2), (6, D3 
G. J | 
Lo HAIR a 
And’ B=event containing pairs with sum 9 
' = {(3, 6), (4, 5), (5, 4), (6, 3)} 
4 1 
P(B)=3¢ = 9 
Now as we know that events are mutually, exclusive 
P(AUB) = P(A) + P(B) 


6.6.2 Addition Law for not Mitually Exclusive Events : 


Theorem2: 
If A and B are not mnially exclusive events then 


a P(AWB)& = P(A)+ P(B) aes (ANB). 
Proof: , | . 
Given.that, Avard B are not mutually exclusive events. 
From 'thé figure we can see that A and B — (A ™ B) are two enubaly 
exclusive events. Now B and AUB can be written as , 
-B= (AB) LD FE (APB) incr nsowaseanttenanas (i) 
“And (AU B)=AU {B- (ANB)} sith cannes enecees (11) 
Equation (1) becomes: _ 
P(B) = P[(AMB) U{B - (AMB)}] 
| P(B) = P(AMB)-+ P {B —(AAB)} ..8. ce ceseceeeees (iii) 
=>  P{B-(ACB)= P(B) - ai LaveiVaccreunten conse (iv) 
Equation (il) gives 
P(AUB) = P[AU {B — (ANB)})) 
= P(A) + P{B —(AMB)} 
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Putting value from (iv) we get 
P(AUB) = P(A) + P(B) — P(AMB) 
; This is our required proof for not mutually exclusive events * 
Example 6: | 


A student goes to a book depot, Probability that he buys a ball point is 

0.3, he buys a pen is 0.75 and he buys both is 0.6. 

What is the probability that he buys a ball point or a pen or both? 
Solutien: | 

Let = A-=event that he buys a ball point . 

B= event that he buys a pen 

_ These are,not iy exclusive events. becauseshe ean My both of ' 
tle items. So. 

We have P(A) = 0.3, P(B) = 0.75 and P(AMB) = 0.6, 

P(AUB) = P(A) + P(B) —P(AMB) =0.3 & 0.75— 0:6 
= 0.45 


Independent events : 
In probability theory to say that two events are alu dvestuiot means © 


that the occurrence of one does not affect the probability of the other. 
.i.e. An event that is not affected by,preyious event. 
For example, Tossing a coin, Heads or,Tails is not affected by previous tosses. - 


6.7. Product.Theorem/6f Probability or Multiplication Law for 
Independent Events: _ . 
Theorem: The probability of jeint occurrence of two er more independent 
events is equal to the product of their respective probabilities. 
Let we have twOpindependent events A and B then their jeint 
probability is equal to the promict of their probabilities. — 
i.e. P(AQB)= P(A). P(B) ’; P(A) #0, P(B) #0 - 
- For example, phen a single die is rolled twice in succession. 
ae 


Probability of an outcome twice in succession is 6% 6 7 36 


6.8 Conditional Probability : 


Definition: If A and B are two events then conditional probability is 


defined as probability of happening of the event B given that A has already 


occurred and is denoted by p= Pi 


| ie, | P (=) = — 
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eg. .A fair die is rolled , find the probability that the face is even given that 


the face is less. 4, 


Since , = £1 524354 6} 

Here , ret wero B={1,2,3} 
AB = (2) ar 
p (4) RAGE. - 108 ak 
Ae P(B) ie * Ss 


Which is the required conditional probability . - 


Dependentevents: ~~ 
Two events A and B are called dependent if the occurren¢e of A 


depends upon the occurrence of B. 
Now we study a theorem related to the conditionalprobability. 


6.9 Product Theorem for dependent Events, : 
If A and B are two dependentevents then = that 


Theorem: 

both will occur is P(ACMB) = P(A) x P(B/A) 

Proof: Given that.A and B are not ind@pengent e events, we show them 
by the following figure. 

AAB has 


Let S be a sample space having n Wane points. A has mi, 
mz, and B has m; ps points. 


Then PARB)= 
] 


We can write, Panay 2 nod Dates 
| But, P(A) ae 

mz >. on 
And a Gonditional Probability 


1 


of B  givem, that A has already 
? (fs 
occurred.= of: ,) 
‘So.(i) Gan be written as 
B 
P(AMB) = Pf). BAY 


Gives the proof 
Example 7: A fair die is rolled once. What is the sscnatitiy of getting a 


number > 3 given that we have already got an even number. 
Solution: 


Sample space S = {1, 2, 3, 4, 5, 6} 
Let _ A= Set of numbers greater than 3 = (4, 5, 6} 
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4 Q.4: 







Q.2: 
Q.8: 





: Qu: 
6: 


| Probability 
And ' B= Set of even numbers {2, 4, 6} 
; AMB= {4, 6} 
P (4) _P(AQB) 
; \B 7 P(B) 
Where . P (B)= : = , 
P(AMB)=2 =4 
ff . “is 3 
BJ lb 3 


+ Sa Exercise 6.2 | 
Two fair dice are rolled. Find the Probability that the sum is 6 or 8. 


. Find the probability that an integer selected at random from 10 to 100 


inclusive is a multiple of 5or9. - 
Two coins are tossed. What is the=probability that two heads appear, 


‘given that there is at least one head? 
An integer is chosen at random from first 200 positive integers. What 
‘is the probability that the integer chosen is divisible by 6 or 8. 


A pair of dice is rolled Let\A denote the event “the sum shown is 6” 


and the event “B” tw6‘dicéshow the same number. 
‘ A® . B 
Find (1), P (5) fey. F (@) 


‘From a well shuffled pack of 52 two cards are drawn in succession and . 


without replacement. Find the probability that first card is a king and 
second a queen. 


:. A faipdice is rolled once. You win if the outcome is either even or 


divisible by 3. What is the probability that you win the game. 
FindP(B) in following cases: 
A and B are mutually exclusive given that 

P(A)= 0.5 and P(AUB)= 0.6. 

A die is thrown, find the probability th the dots on the top are prime 
numbers or odd numbers. 


4. Two fair dice are rolled , what is the probability that the sum is 7 or 9? 


Answers ot 
5 a" | 2 . 2 
18 Q.2: 9] Q.3: 0.25 Q4: 3 Q5: 3 
. 16 “a etm 
01 QT 3655 QB 5° QS: 538 
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Chapter #6 a Probability — 
Short Questions 
Write the short answers of the following : 


QA: Ifadie: is rolled once, what 1 is the probability of getting an even 
’ number. 


-Q.2: Acard is drawn at random from a deck of cards. Find the probability, 
of getting a diamond. . | 
Q.3: If two coins are tossed, find the probability that. only one head 
Q.4: Tickets numbered | to 20 are mixed up and‘then a ticketis drawn at 
random. What is the probability that ticket drawn has a number 
(y, multiple of 3 or 5. 4 


< If a dice is rolled once, what is the probability of getting.a 4? 
Q.6: If two cones are tossed, what is the probability ofgetting two heads? 
Q.7: If two dice are rolled, what is the pbay ly of getting the same 


Ute number? 
‘If two dice are rolled, find the oroten Mey that the sum is 7. 
Q.9: Write down formula. to find’ the wobahillty of two not mutually - 


| xclusive events. , 
j; What are mutually exclusive events? 


Q.11: Define a sample;space.. 


Answers 


Pr ee SONS gate Bg eS | 
a 5 QR BF He 3 BS VO 
Q6. 1/4 Op 16 Q8 1/4 4 


Q9. P(AUB)= P(A) +(P(B) - (P(ANB) 
-Q10%, When there is nothing common between different events, then they are 
called mutually exclusive events. 
QI test It is the set of all the outcomes of an experimental. 


For example when a coin is med space is {H, Ts. 
OF ‘ial fe  -nge 


~ 
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5 


Q.1: | 


1 ae 


pe 


_. Objective Types Questions 
Encircle the correct one of the given answers in each item. 


A css of obtaining an observation is called - 

(€) an experiment . (b) Trial (c) outcome (d) anevent . 
A single performance of an experiment is called 

(a) an event (b) Trial (c) outcome “ (d) sample Space 
The result obtained from an Experiment or a trail is called 

(a) sample space (b) an event (c) outcome (d) population 


The collection of all possible outcomes of an experiment is called 


 @) population _(b) an event - ‘(c) trial (d) sample space 


www.YouTube.com/AdeebTechnologyLab , 


Each element of a sample space is called : 
(a) trial (b) sample point (c) experiment — \(d) an event 
When each outcome of the sample space is.as likely to occur as any 
other , then these are called | 


(a) mutually exclusive events ‘Yn(b) exhaustive events 
(c) compound events (d) equally likely events 
Toss of a fair coin-is ‘an example of 
(a) equally likely events | (b) independent events 
(c) simple events ; -  (d) dependent events 
_ Toss of a fair coin is amexample of 
(a) independent everits (b) dependent events - : 
(c) mutually exclusive events ‘(d) not mutually exclusive events 
__ If the entire sample space is.used then it is called , 
(a) not miutually ex¢lusive — (b) equally likely 
(c) mutuallyvexclusive ; (d) exclusive events 


A perfétcoin is tossed , what is the. probability that it shows head 


@eA!l2 (b) zero (c) 1 ~~ . (dy % 
A perfect coin is tossed , what is the probability that it shows tail 
(a) zero (b) 1/2 ‘(c) I (d) 3/4 
A) perfect die is rolled , its sample space consists of total elements’. 
mw. + «ss Ce «. EPO Ss. .fepd 
The probability of occurring once when a perfect die is rolled 
(a) - 5/6 (b) 2/3 "_ £6) 13 (a T/6 


From a well shuffled pack of 52 cards , a card is drawn at random, the 


probability that it is king card > 
fa). TAB = (b) 1/726 = (c)_ ‘I/I4 (d) 1/52 
From a well shuffled pack of 52 cards , a card is drawn at random, the 


probability that it is spade card 


(a) W134) 126A) ifs 
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k of 52 cards a card is drawn at random, the 


[6 
Ly 


i 


{9 


; 20-=- 
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(a) P(AUB) = P(A) - PB) 
 (c) P(AUB) = P(A). P(B) 


From a well shuffled pac 
probability that it is red card : 
(c) 1/2 (d) 1/4 


(a) ~ 1/52 (b) 1/13 
From a well shuffled pack of 52 cards a card is drawn at random, the 
probability that it is pictured card 

1/52 (b) 1/2 (c) 1/4. °- (d) 3/13 


(a) . 


Law of addition for non-mutua 
(a) P(AUB) = P(A) + P(B) — P(ACB) 
(b) P(AUB) = P(A) + P(B) + P(AMB) - 
(c) P(AUB) = P(A) — P(B) +P(AMB) 
(d) P(AUB) = P(A) - P(B) — P(AMB) 
Law-of addition for mutually exclusive events ¢  “\ 

(b) P(AWB)= a +P(B) | 


(d) PASB)~ 5(B) 


lly exclusive events 


Multiplication Law for independent events 
¢byeP(ANB) = P(A) P(B/A) 


(a) P(AMB) = P(A). P(B) 
(c) P(ANB) = P(B) . P(A/B) joe AY P(AMB) =P(B) . P(B/A) 


Answers P 
a 2 ACW c 4 a Bb 
d 7, a 8. c «®. q . d0 a 
b 12Nb-c¢ 13. d 14. ° a 5. 
c {> W 18. a 19.. b 20. a 


www.facebook.com/Adeeb. Technology.Lab - 


www.SalmanAdeeb.wixsite.com/DAE-Cit-bookgs 4 www.facebook.com/Gctpak 


Chapter 7 


Integrations 
7.1 Introduction: = 7 
_ In the earlier chapters of this text, the problems to find the derivative 
of ordinary functions have been considered. The inverse process of findifig, the 
function when its derivative is given will be considered in this chapter, We 
shall find that this inverse process, called integration, enables us to find areas, 
| volumes, solution of differential equations, and many other quantities useful 
in solving physical problems. Accordingly the process of differentiation and 
the inverse process called integration have played a very important role in the 
development of the physical sciences and engineering. 
7.2 Indefinite Integration: : | . 
The process of finding a function whose défivati vé"is known is called 
. integration and the required function is called an ‘integral or an anti-derivative 
of the given function. /.e. . | 


; . d * 
‘If FC F(x) = 90) 


Then | fix) d= F(x) +c . 
The left hand member is -read_as, "integral of Ax.) with respect to x”. the - 
symbol {is an integral sign, f(x) is the integrand , c is the constant of 
integration, and F(x) + cs*the indefinite integral. 
Note: That if F(xj/is an iittegral of f(x) with respect to x, then F(x) + ¢ is also. 
such an integral of f(x), where c is any constant, since the derivative of 
any constant is Zero that is... 


a: a 
, < [P(x) +c] = as F(x)+ 7— (c) 


dx 


ary +0 =s0) 


¢ derivative is given is not completely determined, since 
stant of integration. It is for 


he indefinite integral of 


- Thus/@ function whos 
itcontains an arbitrary additive constant, the con 
“this reason that the function J f(x) dx is referred to as t 


Ax)... ss a 
ons which have the same derivative 


It can be shown that two functi 
differ at the most by a constant, thus if F(x) is an integral of /{x), all integrals 
3 here c ‘is any constant. In many 


- of f(x) are included in the set of F(x) + ¢, where c Is 2 
applications of integration, certain information given in the problem (often 
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referred to as an initial or boundary condition) uniquely specify the constant 
of integration. 

7.3 Basic Rules of Integration: 

Rule -I: : | 


_ The differential operator 4, and J dx cancel each other, they are 
inverse of each other, that is 


d 
ae js) dx = f(x) 


Rule -II: | ¢ + ms, 
-A constant multiple of an integrand is taken out from integral sign 
without affecting the value of integral, that is & Tas : 
{CAx) dx =C Sfx) dx 


Rule — III: 


. The integral of the sum ( or difference), of a finite number of functions 
is equal to the sum ( or difference), oftheir integrals, that is, | 

fx) + g(x) + u(x) t....] dx = [¥x) dk + J g(x) dx'+ Ju(x) dxt....e 
7.4 “Fundamental Formulas of integration: | 


We make start withthe following integral which need no proofs. We 
can verify them by differentiating the R.H.S. in each case. 
Algebraic Functions: 


1; J dx age 


2. feyteydx =c [fx ax 





* 
SQ ON [100 + (x) +... dx= Je(x) dx + Jee) dx tee 
. x™! = , 
4a | Jx Saar ny +, n#-l ; 
= = ° , 
5. Ju" du es +c, n#-l, ics u =f{x) is a differentiable 
i function of x. ° 
Ss ats oh dame by 
6. Saxtbytax=y py te. ae 
www.YouTube.com/AdeebTechnologyLab hisniltsecbosRtcoalnicdh-aeansaybae 
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Logarithmic and Exponential Functions: 


de jo oe 


dx oJ 
8 axtb a In(axtb)te 
—@9.z Je*dx=e*+e : : 
' '  9ex : 
10. Je** ax = Gh eg ‘ . 


Integrals giving inverse trigonometric functions 


-, _ sf . af 
Il. C4 = tan’ x+c or — cot’ x+¢ 
12 . dx e «f _ an 
J fee in x+c or SBas K+ c 
J x? 
13 oie a ee ” —< an! + 
; je = osec x+c 
Vx? —1 . ~~ 


X 


These can be easily veritjed by differentiating the right hand members. 
Note: That sin™x = arc sin X. similar relation i is used for others ; 

also sint'x # (in x)-! 
Example 1: 

J ax? ¥2x8+ 1) dx 








Solution: 
| See + 2x + 1) dx = 3Jx’ dx +2 Ix dx + [dx 
x"! xi"! 
= 3 3 +2" 2 +x+c°° 
ax tx txt 
Example2: gre tLe ‘et a 


; dx “ ‘1 
(i) fe (11) J ~z dx 
X ; : x 
www. facebook.com/Adeeb. Technology.Lab 
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Solution (i) 





—=+1 C 

x , ' 
ee TC =? gum 

—=+1 


oe —_ _—_ 2 — a ss —_—_—_—_— sk — _ 
(11) fax =] x7 * dx —24+1 si™~ «OX 


Example 3: | 
Jax (x2 + 3x +2) dx 
Solution: } 


JYx (x2 43x +2) dx = Jud Cx? #8x + 2) dx 


A 


~2.”. ea 
Je + 3x7 + 2x") dx 


5/ ¥ 
fe ac 43 fro? dx +2 Ix de 





I/ : 5/9 3/4 
Xx Xx 
= ~—4+3—=-4+25-+C 
Pa 
es 2 2 
2 6 
£2 2 52 4-324 
7 5 
Example 4: ee 
1 +x 
| 1 
A} 
, aay 
Solution:, : 
fIt+x Ci 
dx = x ax + d& => hxtxrte 
x : ; 
Example 5: | 
www.YouTube.com/AdeebTechnologyLab www.facebook.com/Adeeb.Technology.Lab 
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Find Jie + e* + 63%) dx , 


Solution: 
x 2x 3 os cle 
J(e Te’ +e") dx = Je dx+Je*dx+] og 

= etre He eM He 

3 


Exercise 7.1 


Qu: fyeax | | Qs. ae 
Jem 3 OR De 





. bx? -7 oe a. _ 
gs: | —e dx oe | ae 
| am S (Vx + aly _N“N Q.8: |(o-Vai+d) ae 
Q.9: Mee-eega’ -» 4 Q.10: kx +2) 62+ )dx. 
. , “4 
Q.11: Fax NO: Q.12: J 
x =8 : ; dx 
“aus: ‘eke : : oid Jarra 
> tie Mr : on 
OR a Q.16: V1 +x -x dx 
Vx | 
Pon dx 
x 


| 242 
I(x + RB) & | Q.18: J = 


* eats é i | 7 
Q.19: F (e2*=e 2%) dx: Q.20: f(eX+ e-*)*ax 
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~ Answers 7.1 | 
Q.1: ox +e | Qa: =2 Fre 


ace |, 
Q.3: 4x +¢ ; Q.4: 73 


rid Py . 1 
Q.5: = (ax* + 4b In x - cx” ] Q.6: ->-Z,7t¢ 
4 


| _2_3n 

Q.7: 2x4 2x! +0 | Qa: sf -SReht2yt te 
1 , 

Zz 2 8 2 ——* 

"Q9r tt Pspto Q.10 4 * + Inx a 


a by ee Q.12: byt Bate -4 In (x+I)te 


—Q1: a1 are 





Q.14: tin (2x +3) +e 


Q.13: giaskby areas at 5 


[x +a)*?- ONG We 0.16: s[0 +x +x] +e 





—6Q.15: < b) 
° - : | a 
(Q.17: <x? + 2x + Ink PC Q.18:. 2e.* + C 
a: y ' ee: 1 
> ~ 7x 23 + 4-2x ; 
Q.19: €2*> + e~2 fC | Q.20: i + ax+¢ 


5 Iiitegration of Trigonometric Functions: 


4 
l Iéinx dx _ =- cosxtc 

2 foos.x dx = sinx+c 

5. sec? x dx =tanx+c | 

4 I cosec? x dx =—cotx +¢ 

a {sec x tan x dx =secx +c 

6 Jcosec x cotx dx =~ cosec x +¢ 

a Jtanx dx = ~ In cos x +¢ = In see x +c 
8 [cot x dx = Insin x+c 
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9. Jsecx dx =In (secx + tan x) + c 
IU. -, Joosee x dx = In (cosec x - -cotx)+c¢ 


The following illustrations suggest procedures. Using (1), we get 


fsin ax dx == Jsin ax (adx)=+ g COS ax +o 


Note: That u = ax, du = a dx; therefore we have to supply under the 
integral sign to complete du before the formula would appyy 














_ Example 1: : : 
mee (i) ‘Ten X— cos x ) dx {7 (ai) J2' 2 sink Cosx dx 
| ‘a j sin 2x & An ax 
my sinx | CN cosx 
Solution: — 
(i) ee (sin x dx — cos x)idx : 
n = [sin x dx& »{ COS x dx | 
Ke = —cos X— sin +c | har 
Y \“@a — fa: sincosk dk, = | sin 2x dx nie ee F €- 
ss aX ie x f aati =2 J cosx dx 
(iii) Sx ve eben nok 
| J  =2 sin x t¢ 
J sin 2x a dx =2 J sinx dx 
dy osx _. €Osx 
. =e82cosx tc 
. Example 2: 
1 + cos x. 
Solution: 
1+cosX- a Som el 
Multiplying and dividing by ( 1 — cos x), We & 
www.YouTube.com/AdeebTechnologyLab www.facebook.com/Adeeb. Technology.Lab 
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| f I |= cosx 4, - 

1 +cosx. ° 1—cosx 


f ] — cos x 7” 


is 1: = cos’ x 
ie cos X 
oe sin’ X 
i ] d pee 4 
— —a =, ae i 
sin’ X * sin* X 


| cosec’ x dx — [cosec x cot X\dx: 
| — cot x +cosecx tC 
Example 3: | . 

(1) cot? xdx (i) I cot ( 3xi+ Sy) dx - (iii) Jean? Xx cosec” x dx 
| cot” x dx = {cogec’ x—1) dx. 
i cosec” x dx — J dx © 


—cotx-—xt+c 


(i) Meot3x+5)dx- = [cot (3x + 5) (34x) 


4 
. Insin(3x +5) +c 
[tant bea sine < * i 
ii?) «=| tan” x cosec’ X Gx = f a : 
at cos“x sin*x 
= I sec? x dx ='tan xX - € 











Example.4 
. 2 
cy) J cos* 2x 


- 


(i) J sec 3x tan 3x dx 


Solution : 


www.YouTube.com/AdeebTechnologyLab www.facebook.com/Adeeb: Technology.Lab 
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(i) J sec 3x tan3xdx = = sec 3x tan 3x (3 dx) 


1 
= 4 sec 3x +c 





Gi) f 
7.6 Certain Trigonometric Integrals . : ' 
(a). JSin™ u Cos" udu. 


When both m-and n are even and positive. 


Cos? 2x. dx = J sec? 2x (2 dx) = tan 2x ig , 


. In this case, the half-angle formulas are used to,lower\the degree 
of the expression. These formulas (which the student should have 
memorized well) are 


2 1 —cos 2u. » & 17 cos 2u 
sin’ u=- pa eee COS.“ Us= - — 


The method of reduction is shown inthe following examples: 
Example 5: aN 
Find J sin? Gk 
Solution: — J sin?x dk # | 
“(1 - cos 2x 
ma ! <—s Jo 
l wae 
p. 5 [ Jax J cos 2x dx] 
2 AL aoe if 
= 5 |X — Zsindx | +c 
Example 6: | i 


- > Find | sin’ x cos’ x dx 
Solution: . 


J sin’ x cos’ x dx = j (sinx . cosx)* dx 
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. . 
| , ae | (sin2x)? dx 


=F SinX . cosx)’ dx 


ty 


Sa~cos 2x) dx 


‘To this last integral we again apply the half wid formula, and get. 
1 + cos 4x 
ix ral ; ‘ = ) ax 


[sin x cos’x dx= 
1 f 1- ste re ASA OSG 
4 . ¥ 2 e . ‘ 
é ~ Cg s Ld 


1 
+ f(1 —cos 4x)dx 
= ; (x 4 sin 4x} iS 


Example 7: 
Find J sin* x dx 
Solution: 
I sin‘ Xx dx 5 y 3 ax 
u ae _ 2 cos 2x + cos” 2x) dx 
1+cos4x_. 
ee 2 cos.2x + = yr, 


1 LE (= Scns ant 08) ax 
a ty, 


Glo -ente, ! 


= fe- 4. cos 2x +. cos 4x) dx © 


’ gin 2x sin 4x 
a 
4 
‘sin 4x ' 
) _ 





(3x - 4. 





(3x -2 sin : so 


OlR@ |p 
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7.7 Extension Rules | 


Integration of the function f(bx +c) 


; bx +c 
(1) {bx +c)" dx = Oxo 





(il) | leige-t fn (bx +c) +c ; 

(ii) ferx*e dvix 1 i ix | 

(iv) JSin ( bx +c) dx = - 5 Cos (bx +0) +c : 

() Ios bu-+<) dx= 7 Sin (bx +0) +0, 

(vi) Sec? (bx + o)dx = * tan (bx + ? + ¢. 

(vil). . [Seo(bx + °) Tan (bx + c) dx& Eset (bx Fo) +e 
| ii Kcosec? (bx + c) dx == x Cot( = + c). +o. 


(ix) * feosec(bx +2) Cott be “a = =-T * Cosec (bx + c) -¢ 


Exercise 7.2 


Q.1: S.cos? x dx | a Q.2: Stan? x dx 
~ Qs foos* 2x dx a) doe 
Q5: | ee ) Ss a | 5 — x 
— QT: J sec’ x cosec” x dx Q.8: J oe tbo = 
Q.9:. sin x— cop | “Qo: J(tan x-+ cot x)? dx 
Q.11: J(sinx—cos x)? dx Q12:  JSect xdx 
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Answers 7.2 


‘ > 2: . tanx—-xtec 
QE 1 (+5 sin2x}+C as ; 


Q4: ; fn sin2x + ¢ 
be. & an \ 


, | i 
a : (3x+ sin4x' +9 sin8x)+c 


OF : eer it Q.6: ~ cot x —cosec x + C 

07: tanx—cotx+C . Q.8: asec x —b cosec MKC 

Q.9:  tanx+cotx+C Q.10: tan x —cotx+€ 
QU: xc tgitcHC Q. 12:, tan x+Ztah he > 


. 


78 Useful Generalization of Some Standard Formulas: 


Generalization of gee is 
Rule I: | . 
E 16) baal (x i 

J £00) (x) ¥-H5: 
Rule II: es 

£") 

J AR) | dxi= ff ff) +¢ 

‘Example 1: ; ) : 
(xt 1) 
5 dx : 


WO 2 4+ 2x +7) 2 
Solution: 
(x+1) F 
| “gs & = 5 for 2x + 7 (2x + 2)dx 
(x2+2x+7) 2 
Here f(x)=x?+2x+7 
f(x) =2x+2 
- Using Rule-I 
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sg 


a 
a) 3 tC 
i —-] 
2 
2 
= LOH x +7)? | 
2. 2 
Sey 
1 ce 
= rac +2x+7)2+¢ 
Example 2: 


J Sin? x cos x dx 
Solution:. 
—_ JSin? x cos x dx 
Here . f(x) =sinx . 
PS "x) = cos X 


’ Using Rule —Ig ~ 


sin **! x 
= ee EI] +c 
- sin * x 
Example 3: © . 
ftan x sec” x dx 


Solution: 
: Jtan x sec” x dx 
Here . f(x) = tan x 
f' (x) =sec’x | 
Using Rule -I 
~ i. tan” x i 
7 . Mk 2 Cc 
Example 4: s 
J (sin x — cos)’ (cos x + sin x) dx 
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Solution: 
J (sin x — cos)" (cos x + sin x) dx _ 
Here f(x) = sin x —cos x 
f (x) =cos x + sinx 
' Using Rule -I 
- 3 4+] 
2, (sin x — Cos x) Oe 
2 4+] 
. : 5 
(sin x — cos x) 
5 | 
Example 5: 


d | > suet V1 tin vt 
(i Frag (ii) S ARN& 


Solution: 
a z:. NY 
A) Se J X(Inx)* 
. Here , SX) inx 
pel 
(x) = 5 


e =finxy* {2} ax 
Using Rule —I 


=~ 3(dnx) *° 


) 4 
“¥itin x (1+1nx )2 
f —a = J ae 


Let I= 
eer ce x. x 
Here, f(x) = 1 + Inx ; f' (x) = I/x 
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Using(RuleI) I _ (atin 


s+ : 
_ So, t= (1+ tox)" +-¢ 
Example 6: 2 
cotx © 
. In sin x 
Solution: 
| cot x 
‘Tn sinx 
- Here f(x) = In sin x 
f' (x) =cotx 
Using Rule -II 
= In [In sinx} Ac” 
Example 7: 
f |~sin-x ie 
X + COS X 
Solution: 
_ f 1—sin‘x - af 
-X COS X 
Here # & f(xy = x-+ cos, x 
| of" (x) = =1-sinx 
Usile Rule IJ 


= In |(x + sin x)|+c¢ 


Example 8: Evaluate the following 








(i) ftanxdx (ii [oot x dx 
. Solution: | 
(i) LetI= he x dx (ii) Let I = i x dx 
sin X cos X 4 
ns cos \ ‘ sin “ 
Here f(x) =cos x ae Here - f(x) = sin x 
J (x) =- sin x _ f(x) =sinx 
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a fat X ax Sa Mm | , 

cos X a 
Using Rule II1.e __. Using Rule II i.e. 
f' . 
i () ax = on f(x) +e fea = en f(x) +c 
f (x) f (x) | 
= —In |cos x|+c Hence 
; , cos X 
= In|(cos x) |+e i= nice dx 
= O°, = ¢nsinxt+c 
|cos x » 
=In|secx|+c_ 


Example 9: 


f — dx 
- #0 ias) 
Solution: 


a f . ax 
x(1 HTH XR 
Here f(x) Sah Fulnex 
Rf ‘(x3 ag 


Using Rule II. 
=In|(1+Inx)|/ +c 
Example 0 | 
= X COSEC X die 
In tan x 
Solution: ; | 
ai SEC _X COSEC X 
In tan x 
Here -, f(x) = In tan x 


f’ (x) = sec x cosec x 
‘Using Rule II . 
= In |In tanx| +c 
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We now consider trigonometric integrals of the form. 
(a) - Jsin™ucos"u du 
(b) Jtan™ usec" udu © 


(ce) Jcot™ucosec" u du 


Under Type (a): Jsin™ u cos" u du 
Either m or n-odd and positive, 


| If m is odd, we factor out sin u du and change the remaining even 
power of sine to sagas of cosine by the identity. 


sin’ u+ cos? u= 1 " 
If n is odd, we factor out cos u.du.and change the remaining even 


power of cosine to powers ¢ of sine by the same identity. 








Example 11: 
| Find J sin’ xicos % dk _ 
Solution: CY | 
Since’m =3) is odd and positive we have 
i} Sin’ x cos” x dx = sin’ x cos’ x sin X dx 
= Ja — cos” x) cos x sin x dx 
= — J cos’ x (—sin de + kos? x(—sin x)dx 
| ( by rule 1) 
2 itis costx 
Ye 8 . 6 
Example 12: | 
| Find sin* 2x cos’ 2x dx. 
Solution: 


Since n(=5) is odd and positive, we write 
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J sin’ 2x cos” 2x dx = sin’ 2x cos’ 2x cos 2x dx 


sin’ 2a( 1 = sin? 2x) cos 2x dx 


l 
> J (sin* 2x — Asin’ 2x + sin® 2x) (2 cos 2x dx )- 


Mt te? ns ae 
=” 6 si” 2x-7 sin’ 2x +7, sin’ 2x+C 


Under Type (b or Cc) | 


Jtan™ u sec” u du { cot” u cosec’ wdu 


There are also Two cases: 


Case-I: n is even and positive 


‘26 We factor out sec U du 
tangents, using the identity. ; 
9 
Sec u=1t tan” ‘u 


and changeathe remaining secants to 


_ Example 13: 
} Find Jtan x geo 4x. dx 


Solution: 
‘We write\ / han wsec’ dx = tanx (1+ tan” x) sec” x dx 
| | = ] (tan x) sec’x dx + J (tan x) sec’x dx 
 tan?x tan*x _ 
2 4 


I: yn is odd and positive: 


ut sec u tan U du an 
ain usl 


Case I 
power 


Wefactor 0 
of the tangents to secants, ag 


Find ftan?x's 


d change the remaining even 
ng the identity tan-u=sec U~ 


_ Example 14: ec*x dx 


Solution: We write 


f tan*x sec?x ax = 
. 3 2? 
www.YouTube.com/AdeebTech (aecabx om 1) sec" x (tanx sec x) dx 
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= J(sec*x — sec*x) (tanx sec x) dx 


__ Sec’x” + sec*x 
5 3 


Exercise 7.3 
Find the anti i derivative of the following: 


Q.1: Rule I fe 

@) Joos* X sin xdx | (ii) | {sin x COS X dx 
Giiy - [RS ee (iv) ~ fsin?x cob wh 
(v) - fsin® Sadik | . (vi) [(tan*xatan?x)dx 
wi: ‘[Vtan x sec*x dx (Vii): {tanPxset x dx 
(ix) Jian’ eee ey (x) fRZP3x +48 Qx+ 3)dx 


~ (x1): IPs FISKE] (2x + 3)-dx | Gi sae dx 
7 3 of 
(xiii) [PA 4 


(xv) J let ee (Gos X= Sin? £9 dx 


(xiv) eee. dx 


sin X- COS X 


Q:2: Rule -Il/ | - . . 

ne ar y (1+x) tan” tah | 3 ) rere dx 

iW on oa | OW Lm Sosy 

wo fae dx w) Aare 
pc es, dx | | (Vill) Isee x dx 


yf a 
Vx cos KO 
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sin X graze 
= Xil 
a) 7 + 3 Cosx us re y 
(xii) — dx | 
Answers Va : 
cos’ x x Z 
Q.1: Rule-I = (i) a —_ + (11) 3 sin’ x 5 <6 
io re te "sin? x 2 sin>x bis 
(111) —2/ 1 + cosx+C (iv) ~ z 
ae = 
(v) — 3 COs 3x + ¥ cos” 3x — 75 cos” 3x HE } 
bs 3 7 2 h = s : 
(vi) an =+C (Vil) a3 tan x + 5 tan’*x+C 
3 , 
’ : ] tan” X 
(Vili) ; sec’ X — Sec X +C : (ix) 3° tan +X *F 
Oe ae DS Ree oe we Ci ee 
(x) T(t +3x+ 4x)! +C (xi) . 3 (x. +3x+7) +C | 


: aes 
(xiii) 3 (In xy eC 


(xii) 

<a Se I : +2 
(xiv) “7 eT (xv) pg (Sinx + Cosx ) e+ 
Q.2: Rule=T . : 
(i)  Iftan x4 C (ii) gIn(x*+8x+10)+C | 


iii) y tin (x2+1)+C (iv) | . In (x? - 1I)+C 
—& . In (a+ bcos eC | (vi) In ( 1+ Sin? x) +C 
¢ (vii) In(sinx- cos x JC (viii) In( Sec x + tan x) +C 
(ix) In { cosecx — cotx) + C (x) --2Incos vx +c 
(xi) e zIn (4+3 Cosx) +C (xii) In(e*—e*)+C 
. (xiii) pIn(1+e%)+C. 
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Integration 


Short Questions 


Write the Short answers of the eis 


Q.1: 
| Q.3: 
Q.5: 
Q7: 


Q.9: 


Q.11. 


Q.13: 


Find J (xk + =)2g¢ 


gen OP 


Find Jex: +9) “5/2 dx Q.2: 





oad ig 
ret ag 


a i. 
mis dt 








V4— x2 - Q.6: Fina f X f dx 
2 . 
eo 3 ’ 
Find J ( +3) dx ; m ¥ 
| x") Q.8: f ea dX 


x? : 
rer dx ee Ao ieepeeptg dx 


C+ x2 4x4] 
Find f *#X 4x41 4. sin2x 
, “O12: Find J So nak ees oe 
Find _— dx %& Q.14: Find {cos x sin3x dx 


. Z p O45 Evaluate f (eX +e | *) dx 


| ~ Answers 
Qi -3. gers CO 
RON. BT ee 4 
Q3. Ns xt | Q4. 
QOSm WAN 4— x27 +6 06. 
~ 6 3 
Y tae Fe Q8. 
Qo, x- Seer 2 +¢ 10 
° 2. 2 | —-Q 
2. 2 2 2 3 | l 
Qll. = 7% a ea pee Q12.. 5 
Q13. tan x - cotx+c eS Ql4. 
, ‘ 
Q15. : ae Pe 
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(3x + 4/8 +¢ 


aig tk 
52 — | etre 
2 


X 7 ; . 
> -Xt2tn(x+1)+e 


X~adtn (a+ x)+¢- - 
(2x+1)* +c 


Sec 2x +c 


l | | 
—g [cos 4x +2 cos 2x] +c 
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Objective Type questions 


Q.1: Encircle the correct one, of the given answers in each 





— 


item. 
| x?dx - 
ay 
(c) 3x". 
J ” dx = 


a 


cos X 
| -—— dx = 
$i xX : 





(a) fncosx 
(c) fn cot x 


io) 
| tan X sec” x dx= 


(a) ln fanx 
sec?x™ 
3 
+ 
ae 
xt! 
nt Z 


()  (t1)x" 
1 aa 


(a). 5X 


VY 
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x 
Bg OO 
(4) 4x° 
e 
(b) > 
er x ts 
(d) 


(ey Cn sin x 


cos*x . 


2 





@ 


“(d) ~ secx tanx 








. n4:2 
x 
x2 
@ = 
n 
i - 
3 
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Cm ra (dy) 2 





3 
2.%2 
Ys J sec x dx 
; a (a) tan x (b) sec = 
a. iz (Ca fn (sec x + tan six (d) — secx tanx 
vw (ax + ) dx = Spa . 
(ay (ax +b? | ae (ax + by 
“2a OY LS 
(c) . &n(ax +b) = d) Qader 
ats 
D. dx. = 
bel tin tas yp UB gy eter 
(c)  onx+a ~ id) oxta | 
10 Bkr x . 
cotx ox= i 
(a -Lncotx | (b) &ncotx 
cot? x Saree Pun 
(c) 7 : ao (d) * £n(cosec*x) 
Answers | 
Q.1: 
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eS , Chapter 8 
7 Methods of Integration 


8.1 Introduction 

In the previous chapter we have been dealing with the integratiomof 
the functions whose derivatives are easily recognized as a part of integrand. 
But there are some other cases in which Jit is very difficult to recognizethem. 
In such cases we are using some other methods. These methods are explained 


al 


as under: Bo 
L Integration by Substitution 
2. Integration by Parts 


8.2 Integration by Substitution: | 
Sometimes the change of the variable. by, means of a substitution 


changes the intégrand either in standard form ora form easier to deal with. 
After evaluating the new integral, we have,to replace back with its original 


variable. + 
In fact there is no generaf\rule “for proper substitution, but following | 
tips will prove very helpful. , 


Type 1: ae" g . 
If a part of the integrand is*such that its differential coefficient is a 
o integrate the © 


factor of the integrand. Then put that part equal to t ie., t 
function of the typef(x"ax"™", always put x" = t its differential is nx™! dx = dt. 
' Example 1: . eee 

2 3 Sd ae | 
(i) |xfcos x~dx (ii) fo xe” dx 


Solution: 
In‘this case differential coefficient of x? is 3x? which is a factor of 


; ; 2 
integrandji,e x" cos x’. 


Put x°=t 
3x? dx =dt 
dt 
[= x*cos t —> 
a - . aR 
] I< 
= — Icost dt =3sint+c 
3 
i. 3 
=3 sin x +e Ans, 
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(ii) put u’=x 5 then du = 2xdx 
<2 
hoy xe yer 2x dx 


if e" dus = e +¢ 
= @ +¢ 
Type 2: 
ut the integrand contains In x. it may be helpful to put Inx=t 


Example: a = xin) 


Solution: |= 


’ us an 
f= [Sit = In |t| #é 
= In |Inx |+c Ans. 


Type ae 
If the integrand contains an.inverse Weonontelvic function of x 
(sin’" x. etc). Put the fufiction om to t. 


sin” x 


Example 3: | I= dx 
| P 1 - x? - 
Solution: (pe 
Put "re, an Ty=t 
X=sint. 
dx = cos t dt 


4 V 7 = cost. dt - - 
yy. » Vt = sin’t 
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; 2 
Ea) : 
sin’ X 
= 5) +¢ Ans. _ 
Type 4: 
To integrate odd power of cos x 
Put sinx =t 
Example 4; ~— I= bese x dx ; 
Solution: 


= bist x cos x dx 


= hi — sin’ x) cos x dx 





Put sin x =t => cos x dx@udt * 
I = b-2N 
| = hivmfPat 
- < eo ) 
“N3 e 
) ore n° 
=sinx—~3 +c 
Type 5: 


To integrate odd power of sin x . 


Put cos x =t | 
Example 5: I = Laat x dx 


Solution: 
l= bint xX sin x dx 


; = I sin? x)* sin x dx 
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. ny gd « 
(1 — cos* x)? sin x dx 


Put cos x =t ‘ 


~sin x. dx = dt 
dig SE | | 
—SIn xX : 3 4 
t= hy ging St 


—Sin X 
=~ 828) 4 
| =i fae fea | 
S 3 


i 





4 3 Casx +c Ans. 


Type 6: ~@ | 
To integrate the product Ysin x 7% ccs x) ' 
put cos x = t,, if the power of cds x is even and make cither substitution if the 
power of the bothyarefodd’ dn case the powcrs of both are even, neither of the 
. Substitution may be useful 


Example 6 |) [= Loos’ x. sin x dx 
Solutions 
J Sin x contains odd power 
Put cos x = 
-Sin x dx = dt 
dt 
dx = 





—sinx 


; dt 
1=Jt*sinx. — 7 
—sin x 


=—-Jt dt | 





o 
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ae vr 
_ cos’ x 
se OS 
Example 7: 
1 = &in® x cos x. dx 
Solution: . 
~ cos x contains odd power 
Put sin x =t 
Cosx dx=dt 
secs at 
X= COS X 
dt 
2 
1=*%,cosx. a 
=ft°dt 
t’ 
=> + 
1a 
sin’x 


Ans. 


Exercise 8.1 


Q.1:\, Evaluate the following integrates [Type-—1] 


| (i) ) (ax? +2bx + c)" (ax + b) dx 
(iii) Ix x—-a dx 
4. 
(v) } as sin Vx dx 
a | sec” x. dx 
oy 3 fan xt 1 
(x) Fpggrex 


www.YouTube.com/AdeebTechnologyLab 


Gi) bxi—2x dx. - 
' x+2 
of 2x" + 8x'+9- 
(vi) | e™™ sec? x. dx 


(viii) leet dx 
(x) | e* sin e* dx 
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Integrate the following [Type - 2) 


jax 
(i) — dx . | dx 
502, 7 () +i 


cot x ; 

\ Gi FE a | ene Pec xcoseex 4 
tan (2£nx ‘ 

(v) | fan nx) dx 


X 
- Q.3: Integrate the ain ae te 31 


. mtan xX 
; | cos” x 
(i) Stax dx —- (ii) isx dx 
es tan’! x) | 
(iit) i ae dx . 
| Q.4: Evaluate the following integrate [Type—4][Type —5 \{Type—6 ] 
(i) hia’ ae (ii) beseloe iy 
(iil) Ga! x.cosx.dx : (iv) hidte cos x dx 
(v) ban x sec’ x dx ~ (vi) hot? 2x cosec” 2x dx 
a4 Answers 8.1 : , o 
rr , 
(adits 3/2, 
Q.1: (1) | Aer D ~ (ii) = (1-2x Ay 
al 3/2 1 
(iii) \/(K >a) = a) | - (iv) ) 2x + 8549 +¢ 
(v) “?.-2 cos fe, ss (vi)  e'™ +c 


re a. 
é(vil) */3.tanx+ate (vili) ze +e 


(ix) stn (1+3e%) +¢° (x) ~cose*+c 
Q.2: (i) ~ > (in x) te (ii) In (1HIn x) + e 
| (iii) ~ In(In sin x) +c. (iv) In (In tan x) +¢ 


(vy) nsec (€nx) ic 
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QO: 


, Q.4: 


8.3 
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P ea | a ae sue 6 +¢ : 
(i) ae (cos’ xy +e (it) * ie € 


: 
(iti) 4 (tan! x)? +c 





ys oS a eo gees 
(i) —cosxt— 3 +e (ii) sinx—3 SIN X +5 


2 


re ‘. 1 4.3 i .®&. 
(ili) 6 sin x +c (iv) = ne SIN et C 


I 
KY). 5 3 sce xtc 


Tf l - ’, 
(vi) =) | .cosec" 2x = 3 cosce® 2x | eC 


Trigonometric substitutions oe 
A change of variable involvingyTxiSonometric functions is cailed a 


~ Trigonometric substitiations. This type of Substitution is particularly uscful 
when an integral is a rational fifacfionjofw and’ one of the following radical 
expressions. For cach of these radical we use the following substitutions 


8.4 


www.YouTube.com/AdeebTechnologyLab 


‘Radical 


_ SURSTITUTION 


Jax +b : ‘put | ax +b=t 


“put xt+a=t 


put “: X=atant 


x +a 
a? ED. pat X=asint 


a/X? <a put X= a-seet ? 


Integrals giving inverse trigonometric functions - 


_ The integration formulas are 


o dx . “ieee . ~ By ‘ 
) Tent = tatlets . O° $< got ate 


(a 
(b) ae Lilie” * ‘ot! 
i 7 — oo nn = : =. ® —_ = — + 
@ +x a - a oe 
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dx 
a geod & 
. (b) = Sn" -+¢ or ~cos!=4¢ 
a 6 


a —x 
3. (a) f_dx__ onal ‘4 
. 2 sec xtc or —cosec” x4 g. 
; X Vx" - ] 
(b) FS =— cont * I 4 X 
2? =. SEC + —_— — 
6 ae a ha ate or a gosec T +c 


_ These can be easily verified by differentiating the right hand members. ; 


A | : _ yr 
Note: That  sin™x ~, 4F¢'sin xX, similar relation is used for others 


a-— 


we ; dx 
Example 1: l=} 
p | caer ( Proof of formula 2b) 


Solution: 
Put) x=asin t 


dx =acostdt 


1=| a cost dt _ [_acostdt 

V2 a" sin’ t ay} ~ sin? t 
Cos t : 

> “cost dt 

we ae 

=tte 

a e * .. 

= sin”! 4 6 Ans. 

dx 
Example 2: ES 


Solution: 
dx 
dae? 
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. “n dx of | 
(2) + (x) 


Put x =2 tant 
"dx =2 sec’ t dt 


7 2 soe 5 
“remy t dt 
_[ 2sec_tt . 
me 4+ 4tan’t 


2 
_i| sect as E+ tan’t=sec’t 
2° sect ; 
=> ket ,X=2 tant 
ee * = tant ND. x/2 
a Mh | 
ree (5) : 
=> tan ) +C Pins Ans, 
| dx | 
Example 3: © vN 
ee 
: (a + x2) 
Solution: 
Putx =atanty, — 
dx Néa sec’ t dt 
aisec’ t dt |  tant=" 
: Sere ee ? 
“fa +a’ tant | , 
‘ | x 
asec’ t dt 7 wit 7 
« &® = 2 3/2 ; 2 3/2 ake 
: (a ) ].+ tan t) 
= “asec’tdt:. -_ 1 [sect tat 
= cl 
a*(sec? t) . wie 
wer de} I : 
= a deen = | cos t. dt 
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= +, 
a* fa? +2 : ; . Ans. . 
Exercise 8.2 


dk Ao ie 
ehh pra Sof ty tt, TD a’ — x* dx 
di) Fyoae&e ay ca 
: ar xk 
- Os 
) e+e (vi) eer az | eee 


a. dx ae y 
(vil) hee | (vill) x er 
; ‘dx 4 | d 
wo Tata NOY @ Fae 
aswers 8.2 


4 Ak | as = 
5 rat (ii) 5 sin" dat NO Fe 


2 


Ct ge ESS + 
+e (iv) In aa +¢ 





ira 
4 = ey A. . _» {3% 
iv). x-atan” x/a+c _ (vi). — tan —I+¢ 
~ * f - : aes j af 
a 3 —1 is . is X 
= = he Le ees 
(vii) = tan (=) c (vill) sec > +c 


. | ] —1 x . ax l X 
(ix) 2a° [tan (*) ‘a a*+ x? | sis (x) aa? ~x* 
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8.5 Integration by Parts: 


When an expression involving product of logarithms , inverse 
functions or complicated integrals cannot be evaluated directly by the use of 
standard forms, one of the most useful techniques for transforming it to_a 
standard form is the formula for integration by parts. This formula is based on 


the inverse of the formula for differentiation of a product. fr 
If u and v are functions of a single independent variable x, then from 
the formula for the differentiation of'a product. 


d ee 
ket a7 ¥ = dv = wdx 
Integrating both sides , we get 

v= hw dx 
Equation (1) becomes 


@ x% d 
a (uv) = uw + 5 Iw dx 
Integration both sides w.r.t. x. We get, 


| w= Juw dx [PA eas} ax 


or Faw ax APfan a IB fw.tx) ax 


Before applying formula we will have to specify the first and the second 
function™In formula u ‘is the first and w is the second function. 


Example: 
(ny cos x. dx 


Here I“ function=x ; 2™ function = cos x 
d ; 
| k. cos x. dx =x f cosx dx‘ — i (x) f cos X dx] dx 
/ «= x/sinx—Jlisinx+c 


= x. sinx+cosx+c¢ 


Note: 
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(i) Selection of the first and second function should be made in such a 
way that first function becomes simple on differentiation and the 


second function on integration. 
(ii) | For the integration of a simple function we take the integrand as the 


first function and the unity as the second function. This method is 
especially useful in the case of logarithmic and inverse trigonometric 


’ functions. 
The inverse trigonometric or logarithmic Rens are to bey taken as 


(iii) 
1“ function always. 
‘ Repeated Integration by Parts: 
Sometimes it is required to repeat the method of i integration by parts to 


_ integrate a function completely. 
Illustrative Examples : 


Evaluate the following integrals : a. 
(i) le x.sec?x.dx’ (ii) f x tan? xdx \ (iii) fin x. dx 


(iv) x’, e* dx (v) J e™* sin bxdx | (vi) fy a — x? dx 


(vi) Je (sin x + cos x) dx 
Solution (i) f x. sec” x. dx 
Here first function=%, © second = sec” x 


he Set'x. dx =x. batt nd tan x, dx * 


=xutan x — fern dx 
=x tanx —Insecx+c Ans. 


(ii) f x tan” x dx 


Solution: | 
Take first function = tan! x, Second function =x : 
@ 
-l er ee ae ee 
i x dx: = tan xX 5 es dx 


== tan’ x- 1 jx, dx 


eee 1 f fae 8 
—g ey Pe | 
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2 
= 0 ee ee 
=5 tan X-5 +5 tan x+c 
=5 (+1) tan'x-5 te _ Ans. 
(iii) f in x. dx 
Solution: 
'. Take In x = first function, 1 = second function. 
ns dx ete eo: xx 
=X, inst ae 
> =x. Inx-x#€ | 
Ans. 


=x(Inx&1) ®c 
~ (iv) f x’. e* dx 
Solution: 
Take first function x? and second functions as e”. 
tz. e* dx dx =x” e*— foxex dx 
=f? e* 2 to thd , 
=x?, e*—2 [x e*— J e* dx] 
=x? e*-2x e*+2e* +c 
=e"(x?-2x +2) +¢ a _ Ans. 
) | f e™ sin bx dx 
Solution: 
Let l= J e™ sin bx dx 


2 
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Take e™ as first function and sin bx as second function. 


2s ; | =e (- ase) (<ansts ax:9.5 | 
Po a 





I ‘ ex Sosbe | 8 Jem cosbx.dx 
on n= er SR af sins pnb al 
I - e+ Bot sin’bx 51 

7 Heer = — 20K 5 02 sin Of 


R 


, a? € 55 
(1 +33) 1 SL bes be ae 
a? + b? ze 
, Lior et Ge" Sa bie 


[= Se sin bx - bcos bx] 


en + ae 


[= | a asin dx - bcos bx] + ¢ - Ans. 


wer) Ne-wva 


Solution: / : 
Here'take ay) a = x? ; as first function and | as second function. 


Let . I = NWFox ax 


is [= Naw. dx 4.7% 
I mafia xe fed -a = 2)? (20 6 


i .wefPoe =e “eh a 
I : =x a? —x’ -S dx 
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I = “nl a? — re ao a Bde 
I A = ae ie dx +a” lS 





1 | axa x -fye-x eit = 
hit axfa-x “te aa 


. ox 
21. =X Jax + a? sin " 
‘ : 
5) sin 4 


I = : 2 


ae dx = ) asi 


(vy) fet (sin x + cos xpdx\, 
Solution: | 7 | 

fe (sin cos x) dx = f: ‘sin x dx + fe cos x dx 

Take > aé first and e* as second functions. 3 

=> sin x e*— | cosx e* dx + fe cosx dx. 

= e*sinxt+c | 

| Exercise 8.3 
Q.1: Evaluate the following integrals. . 
. fe sinx’.dx (iil) | of cos 3x. dx (iii) hk cos” x dx 


sin x cos x. dx~ (v J sec? a (vi) arte 


Sin’ X 







Jx.sinx dx . 
ube.com/AdeebTechnologyLab | www.facebook.com/Adeeb. Techriology.Lab 
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| Q.2: Integrate the following, 2 


(i) J sin ie es (ii) fe tan! x. dx 
(ii) $2. tan“ x dx dg Sate 
peste | x? tan}; 
(v) J iow & i) J = 
. (vii) Ts sec! x, dx : 
- Q3: Evaluate the following integrals. S L- 
Wi beinx. dx <a See 
(ii) J ta G+ 1)ex (iv) Tate? ax 


_W) Jin (x+ 577 Dax (vi) ink Bi ox de 
sa’ + « (WEL) Hl sec’ x. In tan x. dx > tres 
Q.4: Integrate the following. 


(bed NOY wo fete 
2 *¢ ° 
(iii). J 2x" 2" dite. | (iv). J x” eM dx 
- Q.5: Evaluate the following integrals. | 
- (4 Ain x 3 vat ie (ii) J e* sin x cos x dx 
(iii) f e** cos x dx (iv) J e™* sin 2x dx 


4 (vy) fo cos bx. dx 
| Q.6: Integrate.the following: | 
"oq fee 9 iy) Jax 
(iii) | 4-—x* dx (iv) | 25-x° dx 


f 
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Ql: (i) 


Q2: @ 


aii) 
(iv) 
(vy) 
(vi) 


or 0 


www.YouTube.com/AdeebTechnologyLab, 


. 1 l 
gt 1) tan x-75x + gx he 


Pak 
_x sin’! x +1 -ve -  (vj-sin’' xy1-x' +xte 





| Answers 8.3 


i) ~sin3 ‘paced x4 
2x sinx +(2—x’) cosx +c (ii) Zs 2X *g re 


i cos 2x 
sin 2x _ x Bas 


+ x sin 2x + cos 2x +¢ (iv) 8 4 


1 
4 


fnsinx—xcotx+ce (vii) -xcosx +sinx 4 


—— re. x : 
* sin“'x-gsin'x+4 VI-x te 


4 
3 2 
© ot Me open lvins 
3 tan x 6 tem! x") 


| eras ~ 
 . x tanj x + Fin( 1 +x)-5 (tan! x) +c 


2 1 . 
vf sec“! x - > Vx" - I+c . 


> ‘ 
x ie X x. 
> Inx-4x +e (ii) gy xx +¢ . 


x tn (x?+ 1) -2x + 2tan! x #c 
x (In x)? - 2x Inx + 2x +c 
xin (c+Te)-V TR +0 
cos x (1-Incosx) +c 


tan x (In tanx -1) +c 
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3.7 a2 _ 

~* Py 2x x 3x 3x 3 
Q4: (i)’ e [ or war ~3] +e 

(ii) x’ + 3x’ + 6x+6)e*+¢ 


ae ax 
(ii) e* (x7-1)+ vy) oo [y2 2% 4.2 
hog alee OT (- FON 


Q.5: (i) > (sin x — cos x) +¢ (ii) [5 sin 2x' 005.2% | +e 
- (iii) jo © *(sinx +3 cosx)+c 


3X: 
; € : 
(iv) 43 (3 sin 2x -2 cos 2x) +¢ 


| (v) = cos (bx - tan’! ,, . 
: fa" + b2 a . 
ax 


Be e F ‘ 
Or Fepe (b sin bx.t acos bx) +c 


x 2 - ree _ 
Q6: (i) 5 Va tg Ftalx+? +X ]+c a8 
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Chapter —8 Methods of Integration 


Short Questions - 
Write the short answers of the following 
Q.1: Find the value of fio (x?—3x +4)’ (2x-3) dx 
Q.2: Find f ‘ Sec? (x). dx, 
| 0:3 Find 6 fx. * iis, 
= 
Q.4: Find the value of Yicx dx 





dx 


ped 
mn 
hy 






: Find the value of pres; dx 

Q.7: Find the value of foot? X dX 

Q.8: Find f 2 sec 2x dx ) | 

Q. 9; Find j sin’x,cosx a 

Q.10: Find fa éosee%.x \/cot x de 

0 Neu rad the value of off x e* dx 

Q.12: Find/the value of fran x dx. 

Q.13: /Find | e*( Sinx + “es )du . 
Q.14: ieee dx 


5 15: Sin?x 
Q.15: cos*x 


Q.16: Sar dx 
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Answers 
2 ] oi 
x” — 3x +4104 = 5 ‘ 
Ql. § ) + ee, +e Q3. 2e +c 


Qs. 7 i's)? +e Q5. sin (Inx) - 6.38 én Pte 
Qv. —.cotx —xtc Qs. ta Sec 2x+tan2x) +¢ 59 sin'h A) 
Q10. S cot Mx +c QU. “ek (x-1) +e 

Q12. x tan’x—4 enc +x’) +¢ Q13.¢% sin x +c O14. > | 


1s A. gk 
Q15 gene. . Q16. 5 tans 
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Chapter—8 _ see 
- Objective Type questions 
Q. 1: Encircle the correct one, of the given answers in each item. 


Tee ee 
(b) Cos" x 





emia X _ 
) Seclx | tan ™x 
@) Sin™'x (bj Cos” x 
fe). See"x (d)w4 . x? 
al Ty a da 3 WS a 
3 (a) 1+e | rf oyta(i+ e”): 
- » (1at+e*)? 
" - @ @ | a 
[Sec x tan x 
4. 2 + Sec x. dxs 
(a). Secx+ tan x (b) 3 + sec x 
(c) In (3 + sec x) (d) In(secx + tanx) 
a Néfink dx =. | 
a) —x Cos x + Sin x (b) Sin x 
; 7 
( x + Sinx (d) * COSX 


6. Sin’ x Cosx dx= 
. 5 ; 5 

Sin” x (b) Sin” x Cos x 
5 5. 
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Chapter—8 er -8 Methods of Integration 


(c) Cos? x 2% 
‘ Zz (d)— sinx cosx 


co Siete 


(a) x tanx ps . (by tan x +tn see 


(c)  Tanx ' (d) x tan x — n $eo’x 
8. [oe? dx = - 
(a) xe™+e" et one —e* 
x . S 
_(c) @ Or eF 


: text a- a 
4 ' 

a ax SS 3x +dy 

7 3 * .. 

c Se” (d)3.a (ax +b)? 


10. beésee x de=. 


(ay Tn (Coste X — cosec x) - (b) £n sec x 


(c) “\_In(Cosecx + cotx) -  .(d) cosx 


Answers 
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Chapter 9 
finite Integral and Applications 






Definite Integral 
Let f(x) be a continuous function in an interval a<x<by If 
jf dx = g(x), then g(b).- g(a) is called the definite ‘integral of f(x) 






between the limits a and b. It is denoted by f f(x) dx 


a 
(read as integral of f(x) from a to b) 
“a” is called the inferior or lower limit “\ 


ar is called superior or upper limit 
The interval {a, b] is called the range of ier ; 


The difference g(b) — (a)! is denoted by [ B(x)]- 


Here 


Thus feo dx-[2(x) =e(b)s 32) 
Note: The definite ‘integral"is, Sowcalled because the arbitrary constant of 
indefinite integral disappears from it. . 


9.2. Properties of Definite Integrals: 
If f(x) and g(x) are two continuous functions in the interval 


a<x<bthen 
fy, Ifupper and lower limits are same, then value of integral is zero i.e 


[it dx =0 


2: Change of variable does not affect the value of integral i.e., 


b b 
[fex) dx = [f{t) dt 
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Chapter # 9 , Definite Integral and Applications 
oe Interchange of limits, change the sign of value of the Integral i.e., 

b a | | 
rex ax =~ lrex) dx 
a b 


| b | 
4. - : Jotxy dx= © fx) ax 


hi , a 


a 


fe dx = fre dx+ je f(x) dx 


Where c is aly — w: ‘thin or outside the interval [a, b] 
b b b 


6. . Sum and difference [eo + g(x)dx= WS ax boar 





, E a . a a 
Example 1: Evaluate ‘ 
me CAN 2 
(i) * dx = Gi) = J——dx 

oo * Py geree: 
Solution: , 
wy, a 3: 
@ fra F 
Al 1 
; ee 
= —[3° -] 
3 ] 
= dio7 1] 
= ee thes 
3 
| ‘ 3 
il ~ dx 
( ) , Lay 





aa Ba 
= fPx+ 1 Ja 
ot + tT 
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Chapter # 9 ’ Definite Integral 


2 
3 : 
int CE 4x e+ D| 
2 0 


fete waa -[0] 


Example 2: eee 


ae: j af Xdx 
(i) ‘ati -x?)dx OTR 


1 





Solution: ~ 
on a ae 
@.  Sext-ryax | ee 
3x? maid x] 
— | w-—-sA i: -[x-4] 
ae Py Ade 


Neh 


] 1 
= ]——+]+—=2ZAns: 
] :. 





: y’ iF x2 
a4 4 oi th 
ay 1+x 
Ls 


- 2 ant’ f= 





Liga +3°)—Iac.+2)) 


1.210 
= —[In 10-—In5 —In— 
aI I= a 2 
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Example 3; vata 


as | 
e ; . : ; } 





. 3 
(i) Inxdx (ii) _dx 
: , Ieaas i QA 
Solution: 
° € . 
(i) fin x dx _, Note: Integrate by parts. 

l — | 
=[xinx-x] =[(ene-e) S(n1)) 
=[e~10- 19) Jire=1 
=1 Ans. 

3. 

7 dx 
(ii) JS +9 
3 
a, 1%) *[ tan? =| 
Us 31-3 3 31-3 





l \ Al 
=— = —] 
Ltn 1—tan™ ( )| 
ifn _(-n)|_1 £,2)-1{] 
~ 314 C4)] 34 4] 312 
i Ans 
« 8 
» Example 4: Calculate 
“ - 
: 3 
an’ x seo"x dx w ir —sin x 
-0 
www.YouTube.com/AdéebTechnologyLab www .facebook.com/Adeeb. Technology.Lab 
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Solution: 


be 

: « 4 

(i) Jan‘. % sec” “x dx 
0 











] ae. ae 
ies oyr7=-_fl-0 
- 10 -(0)'}= 01-0] 
] 
=-— Ans. 

5 

ie 3 dx 4 ]+sin x 

@ f& =f ee 
, sim. gS —sin x)(1 sin’) 





3 fale” 
+ + 
me sinx) i +1 sin jy 
9 (l-sin"x) - 9 cos"Wx 

| : 

sec 2 ic | sec x.tan x dx 


0 
™ ™ 


= [tan x +[sec x]3 


= an 2. tan j + sec a sec 0 
3 3. 


i | ere ees Ans 
9,3 “Integration by Substitution in Definite integral 


ohn gt 


The technique of change of variable may be used for evaluating 
definite integrals as well. However, great care must be exercised in evaluating 
_the limits. There are two possible methods of procedure, and we illustrate each 


with an example. 
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_ Example 6: Evaluate 
wf 
[e + 1)(x?-42x42)/4 dy 
; 


Solution: 


Let u'= x? 42% 49 then du = + emi 1 . ' 
indefinite integral. moc (2x + 2) dx substituting, we find the 


[« - 1x? 42x42)/3 dx= Ju? dun 20% +o% a3 a 
. 8 


Method-I: involves substituting back for u in terms of. X, ‘thereby obtaining 
for the definite Integral. ; ’ ~Y - 
2 e 


| 2 \/ 3 | ws}? 
| Jos ne tan) ax =2 | (744 2x } 2)3 | 


- 3q0% 


The next example will bedoneiby the second ‘method. 
Example 7: | | : 


0 
_ Evaluate [xy LF 1 dx 


Solution: | ee 
Let.u s92x” +M, then du = 4x dx Method-II involves changing the » 


limits of defifte integral to value of u instead of values of x. Since u = 2x" + 1, 


we easily see'that 
oeWheny x = -2, u=9.- 


When x= 0, me a 


Therefore we can write 
~~ 6 0 
| xV2x2 +1 dx = | J2x2+1 (x dx) 
eo in | Oy : 
4 . . 
. fu” Le = 5204 
9 AS 43 | Jy 


é lah _9/2) Bae. 
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Chapter #9 _ Definite Integral and Applications: | 


Most of the time Method-II is simpler and shorter. Occasionally there are 
problems in which it pays to go-back to the original variables before 


evaluating the limits of integration. 
Exercise 9.1 


Q.1: Calculate the. following age 


3 a © 
_ (i) [x-}« in (ii) a sy hae yt 
re BP ) we 5 














3 es 
(iv) fi (3x-1)"dx (v) [pe r (vi). is eae 
0 
a GF eal . 
ee ele oi) FIR 
Oy ns 3 an 16 x 
x ofS dx 
; d; (x) ~ (x) 
ux) + hers ei. ao ax. %1 6 J 14x 


Q.2: Calculate the following Integrals ? 


Be i Ree 
J 











74 3 . 
(i) - | ws Gi) | rem Xx dx (iii) sin°x cos x dx 
3 COS X gf Jy. . 
nf ‘ n/6 b 
ear eT f tan x j dx 
(iv) JsinN Rx ~W (v) «d moatg (vi) fe 


. y | | x/4 2 
(wil): jer X SEC X a (viii) f" Kad sec?x) dx (ix) fi" tan*x dx 
>< | | 


"Answers 9.1 


Q.1: (i) 4 —In3 ¥ (i). 5+ » (iii) + In2 (iv) 2 
o 2 en 2eBen ein’ Foi) ZNEOR=D 
(ix). ¥2—-1 -) | tins (xi) erin ea) 

Q.2: (i) 1 . Gi. a2 (iii) = (iv) z (v) . 


Tt —4 4-7 
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Definite Integral and A plications 


9.4 ~ Applications to Area 
Introduction: . 
The process of findin 
quardrature 


9.4.1 Area Bounded by the Curve 


; - Let l. f(x) bea continuous and single valued function of in a 


interval [a,b]. 
di. aand b are finite and a <b, , 
Let AB be the curve y = (x), such that as a point move along it form A 
to B, either y increases constantly as in figure (7.1). | 
Or, _y—decreases constantly as in figure (7.2% 
; . 


& area bounded by the given curve js called 


MeN kus » 
X=a »x=b ia : x=: , 





(FiQ7.1) | : . (Fig 7.2) 
Let AH and BK, be.the ordinates, at x = a, x =b and p(x,y) be any point on . 
the curve withOrdinate PM. Then as x changes, the area AHMP also changés 
and is therethenteighbourhood of P and let its ordinate beQN. 


Then the area __ PMNQ= 5A 


%. Complete the rectangle PRQS. In.both the figure PMNQ lies between 
the areas of the rectangles PMINR and SMNQ. . 


‘Le. 5 A lies between the Area y. 6x and y + dy). 5x 
and “A lies between y and y+ Sy. 
| In the limiting case as 5x.> 0, dy > 0, then 
| = =y => dA=ydx 
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b 


Integrating to both the sides A = f ydx 
a b 

Similarly if the curve is in the form x.= f(y) then A = J x dy 
The importance of this theorem results from the fact that it” permits the 
n of the limit of a sum of terms by integration and thatethis lim 
the definite integral 


it.can 


.evaluatio 
be interpreted as the area under a curve. Specifically, 


b ie 
f f(x) dx can 


_ curve y = f(x), the x — axis, and the lines x 


be. interpreted as the area bounded by the continuous positive 


=a and x=b. 


Solved examples: 





- Examples1: Find the area bounded by 
the curve (50) ‘i 73 
y =X 43x" ) 


the x —axis, and the lines x =O and “x =2 ' (see Fig 7.3) 


0 


» ; » . 4 . 
Solution: ( A=f (x?+3x’) dx -[F+x'| =12 


| _ Examples 2° Find the: area bounded 
by the curve | | 
ove x*y=x'-4 
the x = axis, and the lines 
x = 2 and x =i (see Fig. 7.4) 





Solution : 
‘a xy =x?-l 


 Fig.7.4 


www.YouTube.com/AdeebTechnologyLab www.facebook.com/Adeeb. Technology.Lab 


Cha ter #9 





x" -4 4 ; 
A= eo 
4 
=[x+4x"] 
=441-2-2 


Examples 3: Find the area in the first quadrant bounded. bysx — axis.and the 
; curve. y=6x+ oe (see Fig.7.5) 

Solution : For limiting values put 6x +x?- x°=0 

x=0 or 6+x-x°=0 => x=-2,0)3 
3 3 4 3 

ts - - 3 
A= 6x +x? =x’) dx’ ix? Lad] =27+9-7 =157 
{ ( Oo be ee». 





Fig.7. 5 


Examples 4: Find the total area between the porabola. 
~y=x°-4x 
“the x — axis, and the line x =-2 (see Fig. 7.6) d 
0 


x? 
Solution: A= [(2 — 4x)dx = = x Le 


-2 
2 
ae (5-8) =103 
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 Fig.7. 6 
Find area of the region bounded by'thecurvey y =x’, 


Examples 5: 
x-axis from x=-3 to x=1 

Solution : A= |i ydx = =’, x? dxf =) Ix? ]'5 

al sai 


ECC) = 5 CIN 


9.4.2 ‘Interpretation of N egative Areas 


In the definition of areagiven above. 
AS A Sf (x) dx 
tT (x) Is assumed to se a continuous positive function -between a and b. if 
J (x) is negative.that is, if the curve y=f (x) lies below the x — axis, between a 
and b, then the value of the integral: . 
A= J f (x) dx 1s negative: 
_ Such areas below the x — axis are called ‘negative areas, the total absolute area 


between a curve, the X — axis, and two ordinates is sige by 


Total.area = = ( positive areas) -z —_—- _ = ies dx — freoax 
: ; . “~g. Cc. 
‘Note: This is equivalent to say that area is equal to the absolute value of the 


integral and thus is always positive. 


www.YouTube.com/AdeebTechnologyLab www.facebook.com/Adeeb. Technology.Lab , 






Examples 6: Find the area bounded by the curve. 
y=2x+x?- x} . 
the x — axis, and the lines x =—{ andx = ] (s see Fig. ts » 


Solution : : 


l oe 
A= { (2x+x- a ee | Geant x°) dx 


x 





. Y=2x+x'>x3 
Fig.7.7 | 
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Examples 7: 
Find area bounded by the curve: 
y.=x —4x 
on X- axis ( see a 7.8) 
Solution : 
0 | 
A= J oe- eri ai -f (x? di ae 
--2 


ftiat 
_ =[0-(4-8)]-[4-8)-0] «2 ies 
=4-C-4)= 8 





| : Fig, 7.8 
9.4.3 Aréa Between Two curves 


Supposé that the area to be 
evaluated is between the curves 
y1 =x) and y2 = g(x) and the lines 
x= a& x = b and that(for eee) 
Kx)'< g(x) fora<x<b 
( see Fig. 7.9). Then 
b - 





A= | a(x) - 00) ax | Figure 79 
Qa | / | 
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Note that this formula Baliides 
es negative are 
total area between the curves, & a (with appropriate. signs) i in the 


Example 8: 
Find the area bounded by the curves 
; 


yYrx and y=x "(See Fig. 7.10) 


‘Solution: Find the points of 
intersection of the curve 


y=x*=x . 
x(x-1)=0 
x=0,1 


Ifx=0,y=0,ifx=l,y=1 
Thus 


[= # i 
A a A %l, 
A= J (x-x) dx={4 aR 





Examples 9: ., 

Find the area boundeg by the curves 
y= x and y= 4x? 

| (see,Fig.7.11) 


Solution :« Finding» the - points of 
__ intersection bf the curves . 
= x = 4x" 


x(x-4)=0 => x=0,4 
Ifx=0, eee 





Fig. 7.11 


a [4] 
A= fa -x) rae 
= St 6 = 215 


Note: In oviilnatite an area it is theoretically of no importance whether 
horizontal or vertical elements of ‘area are used, the choice depends on the 
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number and difficulty of the integrals needed to determine the particular area. 
In the above example either choice involves approximately the same amount 


of calculation. 
Examples 10: 


The area bounded by the curves 
y= x? and y=xX. 


Solution : 
. Could have been determined using horizontal elements of area,as 


follows: © 
since, X = Vy and x = y for the point intersection of the curves 


yaVy >y=y > wWy-NeE>)y=G1 


ay y 2 
WT -2- 


l 
1/2 
A= J & re an te 


. Examples 11: 
Show that area ofa circle Ee 
radius ris 727. | 

! Solution: The equation of a circle 

of radius r centered at the origin is 
CeV =r. 
yat Poe 


Avplot of one-quarter of the circle is shown 
in F ig.7.12. It is necessary to work with a quarter circle only. 





Fg.7.12 


The equation for this quarter circle is 
y= vi — x" forO<x<r 
i mt } 
A= J y dx. = i *—x° dx (area in the first quadrant) 


dx = r'cos0 d@ 


Put x =rsin 0, 
www.facebook.com/Adéeb.Technology.Lab 
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When x=0, @=0 
x=r, 6 7 
wW2 
A =] N= r’ sin? @ .rcos @ dO =f rcos’?d0 
0 
pu 


7 J (1+cos 20) do 


Oo 


n/2 





(re 4, 
0 +> sin 20 


ow ne oe 
+7 sin «)-(0+5 Sin 0)] 


NI wy, 
—_ — 
— 
Nola 


“a 
T 
-F, 


Area of the circle= 4A = 4 (=) ="nr’ square unit - 


Exercise9.2 


Find the total area of the region by the curv y= s ~ 4x and x— axis 


Q.1: 
Find area bounded/by the line 3x-y- 3 = 0 andx =1 & x=5 


Q.2: 


Q.3: Find area between thé*turve y = 3x” —3 and x-axis. 





Prove that théarea bounded by the curve 3ay” = x( x —a)’ is me . 


Q.4: 

_ Q5:  Findarea bounded by y= 3x, y=x’ between x=1 andx=3. 

“Ss Q.6 . Compute area bounded by the curve y = \/x and y=x". — 
Q.%, Find area of the region enclosed by curve y =3 — x” and line y=-xt] 
Q.8: Find area of the region enclosed by parabola y=2 -x’ and line ¥ = -X. 


Q.9: Find area between the curves y = x? and y=-x?+4x, 


Q.10: Compute area of the region bounded by curve y = x" and line ee 8x. 


QA Find area bounded by y -3x+3=0 and the line x = 4 


Q.12: Find area between the curve y = x ?_4x the x-axis and the line x = -2 
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Answers 9.2 


Q.1: 8 sq.units : Q.2: 24 sq.units Q.3: 4 sq.units 

Eg a . 

Q.5: * sq.units ~ Q.6: 3 sq.units Q.7: 5 sqaunit 

; 48 
8 ; ee ) 
—6Q8: 2 _’$q.units .Q.9: 3 sq-units Q.10: 5 sq.units 
. 64 Ps 
3 sq.units 


Q.11: 12. sq.unit Q.12: 
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Chapter # 9 Definite Integral and Applications 
Short Questions ai ) 


‘Write the short answers of the following: 
3 
QJ: Evaluate J 3/(3x — 1)? dx 
0 7 
; 3 1 
Q.2: | Evaluate eI dx 


; a: . 
 Q3: Evaluate p72 sin 2x dx _ 


n/3. 7 
Q.4: Evaluate pr cosec*x dx 


Q.5: Evaluate — EE * sock tanx dx 
ee : ‘ 

Q.6:: Evaluate Sx Cos x? dx « 

io: 

m/2 


—Q.7: Evaluate f sas ~ dx! 
. 0 


3 + 4°sin XY 


| 7 Wb 
| hie atieis J 2 8in 2x dx 
SP Xx 





ut 
2 
 Q.9: Evaluate } poeae de 





as 

2 

m/6 
Q.10: Evaluate f sec?x dx 

0 
11: Evaluate J d 
ee ome 


y? 
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- Chapter #9- ' Definite Integral and Applications 
3 


Q. 12: Evaluate J at dx 


1x 
3 
1 
: Qa: Evaluate corcad dx 
n/6 
- Q.14: Evaluate J Sin x cos x dx 
n/4 
Q.15: Find value of J cos*x dx’ - 
fe et 
n/2 
Q.16: Find value of J tan? x dx 
0 
_ W2 : 
Q.17: Find value of f{ sin? x cog*® dx 
; . 0 
Q.18: Find value of fx COS Xndx 


, 1 
Q.19: Find value of Sx e* dx 


0 
- Answers 

: : oo | 2 s. 2 

Qu 10 Q.2 In2 O35 | Q4 = 
Y : 1, 7 

Prw2-1 265 rain Q7 4 fn3 Q.8 $ 

0.9 2 ‘ees ia a 9.12 2 

) | - on 25 

. 3 a 
Q.13 2n7 Q.14 3 Q1s 4 (42) Q.16 
l . : 
Q17 3 - Q1g 2 Q.19 1 
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Objective Type Questions 
Q.1: Encircle the correct one, of the given answers in each item. 


- ja dx = . 
; (a)-1 = =(b) OO can , (dj. 2 
7/4. | | | 
2. J sec?xdx= 


@ tT (b) 2. © Zero Os (YA 


If lower and upper. limits of J (x) dx are replaced by-each other | 
then we get | 
b } 7 f . ” 
@) SC) ax ) 7 ~ fy FC) ax 
a * ex | 
(c) . +S f(x) dx ~~ 9 @ L f(x) dx 
a 
4 2x dx . 
bas ee x :* | 
aC (b) tn 10—tn6 
(c)\f Zin (<< +T) (d) , Cn lO+ln6 
4% 
“4 fe dx = 
] 
(a2) e-e (wy 5 (08-3) 
e-* l ‘ , 
oer (d)5 (e° +e’) 
2 
6. J 3x? dx = 
Bt 


io a ie (b) 8 () 6 (Wd) 9 
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Cha ter # 9 


- 8 =. Bel @ 7 


o) ENO FG whys 





(b) 1 a 0 OF 


. >). Answers 





i feat [al ii 
rata ere Tee eT 
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Chapter 10 . 


Differential Equations: 





10.1 Introduction: 

An equation involving derivatives or differentials is called a different 
equation, . > 
For example: | 


aca 0 


dx 
i a 
de - 4 + =0 ri p 


dy + 3x’(J +y’) dx =0 
Order of Differential Equation: 
_.° The “Order” of a differential equationis the order of the highest derivatr 


which appears in the differential equation. © 


d a 
‘For example: a 12 = Ois a differential equation with order 1. 
x“ d° a a Hx #4)y = Otis’ differential equation with order 2. 
dx? “ax | 


Degree of DifferentialEquation: 


The “Degree” of a differential equation is the highest power of the highe 
order derivative in the equation, after making it free fan radicals and fractions. 








For example; a + dy +y=0 - has degree one 
. dx” dx — 
2 
ig 42. 
ay + = t+y=0 has degree two 
dx” \ dx 
dy x? 
—-+ =x has degree two 
dx dy/dx 
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Chapter #10 | Differential Equations 
2 
dy)" d 
because , (# mig: x? =0 
_ dx dx 


Solution of Differential Equations : 


A solution of Differential equation is a relation between dependent and 
independent variables, which is free of derivatives. If this solution is substituted i in 
the given equation, it is reduced to an identity. 


There are many. types of equations, the solution of whiché are readily Found. For’ 
example, an cquation such as . 


dy - 
= = f(x) isa differential equation and the integral 


y= f(x) dx +c is its solution, where ois arbitrary constant. 


More generally equation 
3 


) 


F 
vr = g (x) gives its solution, wag integration 2 times. 
In fact integration is an example ofa process for solving differential eons, 


For example y = ax’ + bx issa Solution of = 


d*y 2d a! : 
HO” = ae (1) 


because on substitution si y; an © and 12 in ( 2 we get 


SNe = | 2 (ax +b) +3 (ax’ £8 : 


x dx 


2b 2b 
=2a-—4a- . +2ar T =0 


General Solution: 


A solution which contains the same number of arieary constants as the order of 
the differential equation is called General Solution. 


For example a general solution of 


5 


d“y 
: +c*y=0 





is y=Psincx+ Q cos cx, where P and Q are arbitrary constants 
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Particular Solution: 

‘A solution- obtained from ilie poe solution by giving particular 
numerical values to arbitrary constants, by applying the initial and aay 
conditions, is called particular solution. ~ 


~ 10.2 Differential Equation of First Order and First Degree: - 


A differential equation of first order and first — may be written in the 
. differential form M (x,y) dx +N (x,y) dy = 


10. 3 First Order Differential Equation: 


There are many ways to solve first order differential equations. Some 


important types of the equations and method to solve them are 


]. °- Equations with variables separable. 
_2. Homogenous first order equations. 
3. Linear first order equations. 

4. Exact first order equations 


Note : We only use Variables Sepirable method to"Solve the Differential 


Equations. The other three methods are out of scope of this book.. 


10.3.1 Equations with variables separable: 
. A first order differential equsMon, Which by algebraic manipulations, can 
be reduced to the form. = ; " | 

S®) dx = gy) dy’... So rechaidetitin (1) 


is called eartaisles separable form. > 
It is because the variables x and y can be separated ‘from igh other in 


~ such a way thatexappears only in the coefficient of dx and y appears only in the 


coefficient of dy/Such an equation is solved by integrating (1) 


J dx = Jely) dy... reese bascwle) ° 


Some, other forms which should be recognized as being separable are given 


below: 


F(x) G (y) dx = g(y) FOX) dy... etna c® 
x = M(x) NOY) overseen esters (4) 
Solution of (3) can be found as 

pm FO) = (pa Gy) eee (5) 
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ae Solution of (4) can be found as 


4d = J MX) dx scieessstsraseteeceenen (6) 


_ Now we solve some examples: 


Example 1: = ” 
‘Solve the equations (i) dy = sec x dx (i) ye ~dy=dx 


Solution: + <4 
(i) dy = sec’ x dx 
J dy = [sec* x dx 


“ 


-y = tanxt+e 


(ii) y.e.edy=dx | m™, 
: | Separating \ variables we Bet , 


ye’'dy =e "dx 
, fy e%dy =pfesdx 


(y—1)e%.e%=-1+C 
ee y-Dalac 
L.H:S side is being integrated by parts 





Example 2: ; 
., dy _-x ag OF. .¥ 
Find the solution of () x ae = xy’ (ii) cm =F (iii), eee 
‘ Solution: é 8 > : 


. www.YouTube.com/AdeebTechnologyL.ab . www.facebook.com/Adeeb. Technology.Lab 





www.SalmanAdeeb.wixsite.com/DAE-Cit-books 


Cha ter #10 ; i, ais 


* www.facebook.com/Gctpak 


Differential Equations 
_ Separating variables we get , 


Yala ax 





Solution: 











: Iny = + tan“? (=) + Cc 
Example 3: 


Find the particular solution of 


dy = x (2y dx ~% dy) subject to the conditions 


x=l,y=4 
www.YouTube.com/AdeebTechnologyLab 
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Solution ek dy = 2xy dx — x? dy 
dy +x? dy = 2xy dx 
(1 +x”) dy =2xy dx 


‘Pia 


Iny=In(1+x’)+Inc 


Where Inc is constant of integration 


Iny=In[(1+x2)c] 


~Nowput x=land y=4 
4=(1+(1e 


4=(1+1)¢=2c 
‘c=2 ) 
- Equation (1) becomes y= =4( Ls 2). , which i is the required solution. 
Example 4: : 
_ A particle, is ‘Ding in a straight line and its acceleration is Elven by 


a= 2-9. 
. (i) Find Vivelocity) i in terms of tif v= 15 iises when t = 0 
(ii)Find ‘s (distance) in terms of t if s=0, when t=0 


Solution : Given that a=2t-—9 
dv 


dv 
Then , a eae [aie aq=— ade 


dt 
: _dv = (2t=9) dt 
- integrating both sides , we get_ 
fdv = f(2t—9)dt 
yv =t- 9+ 2 i aiicinetTS 
Apply the first initial value condition 
I§=0-O+ce, => ='15 
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ge er 
The equation (1) becomes 

oe ome a Gee 15 
- ds. ds 
Now, aaa f > Gr 4.35 _ [because v= al 


ds= (t’'- 9t + 15) at 


.which is the solution of (1) 


nanan anna nance nnn cnnnnennnenen (2) 
| peas equation (2) to both sides 
= f(t? —9f +15)dt 
43 t2 
5s = 3 ie ge 5 15t + Co ‘ 
Apply the second initial me condition , we get 
0=0- 0 a 0 ca C2 = C2, = 0 
Thus , S a ga = 4 15t 
which i 1S the solution of fa) 
: Exercise 10, 
Find the general solution of each ofthe following: 
Qi: xdy=3ydx - | ( Q2% ydy= xy +x) dx 
 Q3 xo =y_sy4g 7 9 24: y dx —xdy =x (dy —y dx) 
Q.5;  3x?(1 +y’) dx = dy\ Q.6:  ydx =2(xy +x) dy 
QT dx +ydy 2xy dy Q.8: dx+xydy=ydx+y dy 


. Q.9:  sinx seex dx='siny secydy Q.10: (x? + 1) dx = xy (y+ 1) dy 
9 ¢' : dy . | 
Q.11: ATS = =x (y+) Q.12: x y Ge = (1 +x) cosee y 


Qa Sa, ty) x Hay) dy=0. 





) i, es 
Q1s: (Xe) > = (e*-e*) 


Find the particular solution satisfying the given boundary conditions *. : 
' Q.16: 2x dx — dy=x ( xdy — y dx), ' K=-3,y=1 
OTT 3x’y’ dx + y' dx + dy =0, - x=2, y=1 
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Q.18: A particle is moving in a straight line and its acceleration is given by 
a=4t+9 | | 
(i) Find v (velocity) 1 in terms of tif v= 15 m/sec, whent=0 - 
(ii) Find eisietance) in terms of t if s=0, when t=0 


Answers - 

Od: =oxr :  - Wes y-In(ytl=x7 RC 
Q.3:. y=xce(y—1)+2 Q.4: y=xe™ 
Q.5: -y = tan (x? - C) - Q6 y=xe™ 

| x-1 4 

° om ~ = —— 3 Bc* By)* + 
Q.7: ¥ In +e Q.8:. Y ACRXF1)* + 1 

—— Q9:  Secx=Csecy  Q.10: 6x? Ao fn x =2y' +3Y+C 


Ot: qty re mteehes dig Y cosy + siny = ~= Hox +€. 


. : or : 
Q.13: Lp 2yen lig we: y <2 tnfey) Hx #g 
Q15: y=In(e*+e*) +6, | 


7 iN . 
Q.16: x°+1=> (2%y)y ‘0.17: a 
9 ‘ g y x +x-9 


Q.18: vA IS | se Pt Fass, 
; . 3 2 
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| Short Questions 
Write the short answers of the following: 


Q.1: Define the’ Differential equation with example 

Q.2: Define the Order of differential equation with example. 
Q.3: Define the Degree of differential equation with example 
Q.4:. What is general solution of differential equation? 


Q.5: What is the particular solution of differential equation? 
_Q.6: Write down the order and degree of the following differential equations: 
(a) xdytydx=0 | (b) @ +2y=0 
at pitt’, i Ae eS ee dyy | 
(c) Le det RG ae «=o sin wt (d) (fy) -|a (| | 


Find the order ‘and cee of the following differential equations: ~ 


Q.7: 
a i Py fy) >). 
jc S- =r 6) 3 +(%) =0 
dx - dx dx 
Py) (yy 4 (dev & 
0 @-B)~ © ANG -e 
Q.8: Show .that, y = ce™* is the’ ssoliation of differential -equation 
dx “FY. . 
Z: . 
Q.9: Show that y=ce is ‘the’ solution of differential equation 
' 1dy - ~ 
—- —-2y=0 


x dx ee 
dg. 2x 4 
Q.10:. Solve the differential equation dx. .4y- 





~ QL: Bale the isPential equation x? ee = cos’ y 


d 
‘Q.12: Find the solution of - =—sinx + 332 
Qu3> Find the solution of De =]+xty+xy_ 


. oa d 
Q.14: Find the solotion of cos” x WY + cos*y =0 


dy’ = 
Gis: Find the solution of = er ts 


Q.16: Solve the equation (1 — x) dy =(1 +y) dx 
Q.17: Find the solution of dy =e*"” dx 
 Q.18: Find the solution of (e* — € “dy = (e* ee *) de... 
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: d ; 
Q.19: Find the particular solution of the equ. 7" = xy, given y =1, when x = 0. 


Q.20: .Find the particular solution of the equation 2x dy +dx =dy given y= 0 
* when x =3. ; 


, d 
Q.21: The particular solution of dy, =2xy, giveny=I, _ x=0r 


4 


Answers _ 
Q6.(a)0=1,D=1(b)0=1,D=1()0=2,D=1 (O08, D=2 


_ Q7.(a)O=1,D=2(b)0=3,D=1(c)0=3, D=2 (dpO.=3,D=4 
Q10. x? — 2y*+ 3x +5y+¢=0 ~—6Qll. tany +x =¢ 


, ' i 
Q12. y=cosxt+x?+c Q13. fn (1 ty =x Ql4... tany+tanx=c 
Q15. Sin'y=sin"x+c Q16. (1+ y= 2) =e bs ete’= ¢ 


— Q18. y=In(e*—e*) +c QW. aS oie 020. y+5 tn(2x-i)=5 tas 


Q21. y=e% 
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Differential Equations 
Objective Types Questions 


| Q.1: Encircle the correct one of the given answers in each item 


~ 


_ An equation involving one or more derivatives of a function is called 


(@) Quadratic (b): Linear (ey Differential (4) Cubic 
aa 
Order of differential equation ($3) oe 







dx’) * dx ay aas: is 
hos AF? ® 1 © 09.- .a@aN 
é d 3 Y. 
. Degree of differential equation < + (—)3= 0 is 3 
ss, eae dx? 
@ 3 . () 2 (c), 0 ‘gm ): al 1 
4, ion of differei J 


Solution of differential equ tion =11s 
Yrx ee iat (c) - yy (d)  y=x*te- 
Solution of differential equation xdy +ydx >0.is | 
@ ysex (b) y=x “© Wysc@ yexte 
6. ° Solution of differential equation & Sy is 

—@ -y=Ce* (b+) y=€e 9 )y=etc ()  y=e%re 


Bie If xdy+y dx =0Ofis tHe - i: Then its variables 
‘separable forms : : : 
@ydy ted 0, (b) = ay=* ax ( = dy = — = (@) x dy=~ yex 
. 8. Ris In x, Gis the or a of differential equation — | 
(@Amdyadx (bt) xdx=dy- © ty => @ — dy= dx 
& 


d*y dy 
Order Of the differential equation. Ret oe ie oO is 


(@y 1 wy 2 (c) 0 


— . (d)3 
. py 7 
10. Degree of differential ‘equation x ($3) =1 is 
| (a) 0 b) 1 (2 (4) 3 
ANSWERS 
% | ; 
: l Sa |, a 3 d 4. b c 
6. ‘a 7 c 8 * 2 9 b {g....' € 
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Chapter Ll 
"s Fourier Series 





11.1 Introduction: 
It was J.B. Fourier who used such expansions in different types of 


_ problems. A specific infinite trigonometric series used by him was of the 


form. 


tea) 
I 
7 ao +2 sali en 
Fl 
As ‘trigonometric functions used in this series are periodic, therefore 


_ this series is a periodic function of period 27.) 
This series is of fundamental importance in the study of physical 


systems subjected to periodic disturbances. It has waste applications in the 
present scientific age. For example, the\voltage impressed on an electrical 
circuit might consist of a series Of pulses or the disturbing influence acting on 
mechanical system might be,a force of constant magnitude whose diréction is 
periodically and instantaneouslys reversed. This theory is also applicable in 
many types.of engineering problems. Its most important application is in the 
analysis of the behavier of physical systems : subjected to periodic 


. disturbances. 
Before going to Fourier Series, some rs are terms are being 
explained. 


11.2. Periodic F unction: 
If.weé add or substract a constant. from the argument of a function, it 


remains with no change or we say f(x) = f(x + A) Vx 
“Here A is called period of the function. Period of sin x and cos x is 


same, which is 27. 
11.3 Even Functions: 

If for a function Kx) 

fEx)=f@) 

Then f(x) is called’‘an even function. 
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a Perle Series 
For example, f(x) cs x? 
I-x)= - x= x= fx) 
And for fx) = cos x 
F(x) = cos (-x) = cos x= ffx) 
Therefore both x? and cos x are even functions of x | 
11.4 Odd Function: | 
If for a function T(x) 
J (-x) = (x) 
Then f ws is called an odd function, for — 
f(x) =x? 
I (-x) = x)’ —— = 0 
And for f(x) = sin x 
- J(-x)=sin (-x) = =—sin x = —f (x) 
_ Therefore both x? and sin x are odd d functions of x 
11.5 Fourier Function: | . 
A trigonometric series of theform é 
00 


, 
5 ag th (2n.cos nx tj sinnix ) 
n=] 


“Is called Fourier Series 


Supposé ‘/ (x)\is a function witch can be papeenree in the infinite 
trigonometric series, then 


ie @) 
I(x) 45 7 a+ a (a, cos nx + by sin nx) 
n=] 
Here ao, a, and b, are Fourier eoetiiciente of f(x). Now, if f{x) is 
integrable i in the internal [— 1, 2]: Then Fourier coefficients are defined as 
l v1 


=- f f(x) dx 


NT _x 
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| , 2 Ne 
on J f (x) cos nx dx 
pany | 3 ; 


II 


al 


Tt. 
and, bp f- fod sinn x dx 
; —T : 


Now we discuss these coefficients for even and odd functions , 


For even function 





Tt 
] 
a-z J pes) xm [Lo 


for . aoe J 08) cos n x.dx 
; Te Hn . 


n andecds,.nx is also an even function. 


as f(x) is an even functio 
fufictions is also an even 


Therefore, f(x) cos nx being product of two even 
function. > : 


| 27 3 
Hence an = f Jl) cos Bx dx | 
1 


f f sin n x dx. 7 


ven and an odd function, is. odd 


and for b,= 


Here-f(x) Sin.mx, being product of an ¢ 


-. Therefor’, = 0 (by definition) 
For Odd function. 
; I Te . * 
ag = f f(x dx=0 (by definition) 
ait P 


. om 
for an 5 f Fx) cos nx dx 
—Tt 


as f(x) cos n * is an odd function, being product of an odd and an even 
function. ! ; 
Therefore . 
| a= (by definition) 
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1 T 
a x J (x) sin n x dx 


= é © { £08) sina x dx 


Because A(x) sin nx is an even fonetion, being the product of bothvodd 
functions. 


Now if we define the periodic furiction f(x) i in the interval Be 27], then 
the coefficient of the Fourier series are eaves by 
ay == Lf F(x) dx. 


wat] J (x) cos nx dx | 


ie a. 
and b= Feo sin think 
11.6 Extended Rule of Integration by parts: | 
“This rule -is ften C4 in solving the integral in the prablens of 


Fourier Series. Thié rule of by parts is applied successively a nuniber of times, 
until we get a standard form of the integrand. 


If f and\g are two functions, extended rule will be applied in the 
following form [fe dx = fg, SF 82 tf" Bi. CIS g +H If Bn dx 


- Where f, f’, f”, .....are first, second, third derivatives and SO on, and 
Si ff2%ea 2... are first, second, third integrals and so on. 
Example 1: 
Determine the Fourier series for the following functions, 
QQ ~P@)=s* > .. swexeg 
G f@=X. , UV <<22n 


| Solution (i): 
_ For the interval-n<x<x 
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We know that x” is an even function, therefore bp = 0 and ao, an will be 


calculated as, 
_2F a= 225-3 
20 = 4 n\3/0- 3 


= f(x) cosnxdx=2 | x * cos nx dx 


Here we use extended rule of integration by parts - 


-) | sin nx x(- —cos mS) * (a8 ) io 
F gels. ay n n JI 


We know that sin 0 =O and sin n= 0 
— ih 
Therefore an= 2 ag(- —s +2(0) (- aT ‘ 


| =5 Cos nn + 0 =F (18 








because foe i a esate: Ns Nee hen Ore =(-1)" 


Fourier series for the functiomis ‘giver: -by 
CO / 


x= >a vers cos n x,t Ry sin x. 
12° 
ee A Be oF e cos cai ava) 
a t cos nx 
=F IN (1) cos ne 
yew-'cos x cos2x COS 3x 
Py ore et unonase ele ) 


_ Solution (ii): 


No we solve f (x) =x’ for 0 <x <2n 


21 
x? 


3 








1 OR 4° ; iY 
ao Tee | x dx = 


_1@n 8 


Tv 


0 


21 
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C ; 
hapter #1] os Fourier Series 
| 
- gel | a n 


Applying extended rule of integration by parts 
4 , 
| . 0 
Here sin 2x = sinQ=0 | 


seria a,= | {-207) (- cos zen { 2) (82 7 


. =| 4n cos 2a 
ea 


5SIn nx —cos nx —sin nx 
ee it (205) « f=sigm 








4 208 2nt_ 4 ‘. 
a a because for n= 1, 2, 350.-=> cOS2n n=, 


2n , 

i v SC Se 

= fx sin n x dx % 
, 84 1 | 


Applying extended rule of itoeratg parts..: 


» tf) SORE). oar ft 


: 4 [a ‘ ( Ss) # 2cos zu 1 2295 "| 


Bie. —4n >. 2 —4n 
n nn nn n 


Now Fourier Series for the given function in the given interval is 


oe) 
x7 = “rth (S ie eee 
Ar? 4 
-4F gy (PR a inn x 


l : 





Example 2: Find the Fourier Series. 
f(x)= | 0, -a<x<0 
L, Q) <i 
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Chapter #11 — | = = 


“Solution: | 
As f(x) is a periodic function of period 2r, therefor € its Fourier series is. 


1 45+ Ea, 00s nx+by sin nx) 
l 


So here we evaluate Ao, An and bp 


“ale 


yy foxy dx+— J f(x) dx 


0° - a 
l 
a= (0) dx +" f (1) dx 


sis 


ao = 0 + [xlo = =) 


Tt 


0 . ; 
1 1 ; 
=— +— al, Reogn x dx 
an a Ocosnx4 rs } 
lf sitta’x te 1, ite 
=o+4|+ * N ox ee is 
~~ 0+0)=0 
= | : 
N ' 0 1 = ae 
Re —. f ()sinnx dx+— z_ isinnx dx . 
ar 
n l 
Weald =——[cosnz —cos 0] 
T n 0 NT Le 


—{t we i] wedi 1" + 1} 


Fourier series becomes 
Bien ile P +1 es 
fe=7+2 [o cos nx + Al)" +1} sin n x | 
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te mnie Series. - 

otk ” ‘(7 Xx, 2sin 3x sin 5x ms 

2 TT ] 3 > 5 5 eee e a ee 

1 2fsinx sin3x sin 5x 2 
=F ee oe i) Oe 

2 =i 1 tg gt enereats | 


Example 3: 


Obtain the Fourier Series for e* in [ —1, = 
Solution: 


Here ap, a, and b, will be evaluated. - 


i; * Bw 4 
wnt Teste cheesy 


1 19 
a, = — 1 e* cos n x dx 
ts 


Let I= fe cosnx dx =f cos mx. eX dx 
Let cos nx = 1* function and e%= 2™ function - 


Now we apply integration by parts 


lL ~ cosnx/fet- Nos nx Je dx) ax 


= COS Name* — Fen inne dx 


= cosn xe S4n [sinnx fe* dx - J(< sinnx fe* dx) dx] 
“= cosn x e* +n [ sin nx e*— Jn cos nx e* dx] 
I, =cosnxe*+nsinnxe*—n’], 
In’ l=(cosnx+nsinnx) e 
f° 1,(14n’)=(cosnx+nsinnx)e& 


e* 


+> Tan (cos nxn sinn x 


1 |e gh 
=, + 
a =F Ta at(oos nx +n sin nx) = 
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a Fourier Series 
0 
Chapter #1] 
| “sin nx =0 


T ‘ 
: -+| : cos -nn)] for x = 1 or —% 
: ie (+n) cos ni Ga ¢ 





=a eae 8 CH] 
= ers [ee 


Da 


<2 


oY Bas | 
fe Sin nx dx 
m™ . 
se | 
: x 
btet- b= aoe x.¢ dX. 
Applying integration by parts by taking 
Ist function = sin nx and second funetions = e* 
LL msinnx foe “Yes ®sin nx [ex dx ax) dx 
= sin nx.e*> {cos nx e*dx 
7. ; “6 d 
sin nx" — n| cos nx fexdx-f ax c°S nx J ex dx |dx 
Th = sin nx e* —n [cos nx e* = -n sin.n x eX dx] 
* = sin nx e*—ncos nx e*—n’f sinnx e* dx] 
ie =sinnx e*—ncosnxe*—n’? Ip - 
i ae L = sin n x-e*—n cosnx e&* 


e* 


I “Fey ee end 


= 
=— |——1 (sin nx —-n cos nx 
be Len (sin X) 


1+ | 
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Fourier Series 


-™ 
y 3 ne , 
Ap ae 1+ [-cosn T] dae poet af 


=H ne” 4 ne” d 
TL l+n¢1)'+ reac] 


iy es 
ares bet +e 1 


Now Fourier Series 


S(@)= > ao + x ( ap cos nx + by sin nx) becomes 


f@-e 9+ Df 


(Un ee e*+ e) sin nx | 





ak at | —jj" 
ane ao ir | +n 








Ln nA Oty | 
deg si 6% (cosa sing f 


Example 4: 


Find the Fourier Series for 
$ -1, — i1< x< 0 
. IW = 0, x=0 . 
L, O<x<x 


0 Hf 
] ‘ 
Solution: ay == f (“Idx +0++ I (1) dx 
° ei: . 


» 8 t 
2 nH" + Ix| i 
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Lig -n) +2 (n-0)=-1+1=0 

















| 0 ™ 
= [ -tgeaeeeose i ] . cos nx dx 
Ty, " 
1 {sin nx 6 Fa t 
: ni, th n to” 
oe 
=-4+ @+2 (@=0 
ae 1% 
Now ba=— f (-1)sin nx dx +0+7 [ lsinnx dx 
i 5 ™ 
Oo. ; T 
_ 1 [cos nx +: 1 | cosnx 
“sion |, etl no 1@ 








I 
ms [1 —cos (-nz)] + ee (—cos nt + cos 0) 
Cos(-nt).=cos nm ’ 


Lo ep a. 
=e DI EC #1 
of} n 2 : ntl 
b =e PROT te) 
So Fourier sefies Becomes 


Gd =; 0) + lo cos nx + = {1 a (-1)""} sin nx | 


“0425. [242 yoda . 


st sin 3x | sin 5x . Ss 
nt ] 2 5 Ps a oeesiion 4 


eo 


Example 5: 
Find the Fourier series for 
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.  f@)=sinx 5. exes 
Solution: 


We know that sin x is an odd function and its coefficient 
for Fourier series will be ap = a, =O and 


b, will be evaluated 


tT 
ee Sf #@)sinnxdx = 2 
= , Tt 


& 


Tt 
{ sin X sin nx dx 


~. Fi ~ sin x sin nx dx = —— { — 2.sin\x sin nx dx 
i ; 


44 leat ae. cos (1 fn) xp ck 


-_} nto eA | 
“ml. (+n) ei) to 


~ For all values of n except.n=1 


- | g-9sin 0 = 0 and sin x =0 
_Forn=1 


Po ~}0)+ Ho coe +1 sna) > Sin nx 


‘= Sin x + Sin 2x + Sin 3x + 


Cr ee ry 


Exercise 11 


Q.1: Expand the following functions in Fourier Series 
(i) fQ)=x, -hSXST 


(ii} f(x) =x.sinx —TM<SX<T 


sae — p2ax ae ‘ 
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Chapter #1 1 x, ; Fourier Series 
Q.2: Expand the following 
| l, 0 <x<n 
(i) f(X) 
2; m<x<270 
= , -n<x<0 
i) f=} G. O<xSn 
0, -1<x<0 
Gil) f@=| 1, 0<x a _\\ Petiod 2m | 
gd. F<X<K 
Q.3: Expand the following functions in the Fourier Series. 
S@) =I , . -@<X&yS0 


U3 -% | 1 | 
Also deduce that oN ] he? It art ‘seantseaniin 
.Q.4: Expand /(x)=x+ x? inf oi Series 1 in—-1 < 
On 1. 
| Also deduce pat | re 6 Z-2 # 
Q.5: Obtain Fourier Series for f(x) =cos OX, —-t<x<n. 


-n-a@ 


{1 2a | 
Also, deduce*that tot an= oe 2 =? “Ss , Here o 1s not an integer 


Q.6: ( Obtain Fourier Series for f(x) = : . O<x<a 


sinx sin3x_ sin 5x 


; vethar. —- E__ SIN-X | Sin 3x 
aaa prove that: a~ ) * & 4.8 
Answers 11 | 
= ‘{sinx sin2x sin 3x 
Q.1: (i) eee ve j. 
| + a 0s nx 


(ii) 
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gy SR i Sie oe 
ri, aa“ aat +n? (2a cos nx ~n sin nx)} 


Q.2: @) 3 ~2| sins sin 3x 





| 20 al Pt 3 tates 
Fe sin 
(ii) et a bores ee 
(ii) i +2] se , sinx cos 3x sin 3x" 
4 1 ] ; it ees 3 a senna 
2| sin 2x ‘sin 6x 
+-| _ 
| ae ae | . 
3: . cosx cos 3x cos Sx (. 7 
Q3: ¥@)=5-4(S>* 2. a. + SA 


Deduction for x x =0, f(x) = 0 = m 


Q4: f(x)=x+x <5 DS cap coshx + — = 1)" si in nx 


Deduction: Putx=n7) 


* 








, ) 2(-1) "a 
Q.5: f(x) =cot ax Sift OK ae (—1)" a’sin an cos nx 
on ae i 7 (a2 = n+), 
Deduction: ~)Put x =:1 





| iS 
QW: f=7 Hg tL 5, sinmx 
: ] 


2n 
| 5 sa mee) 
Deduction: guar Dy sin nx 
1 
fh | sin 3X sin 5x 
4 ~Sinx +3 a 5 


% 
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Q.1: 
Q.2: 


Q.3: 


Q.4: 


Q.5: 
Q.6: 


0.7: 
a Q.8: 
Ql: 


Q2: 


Q3: 
Q4: 


QS5: 


O6. 
Q7. 


Q8. 
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Solved Short Questions 
Write the short answers of the following : 
Define Fourier Series. 
What is Fourier Series? 
If a function is odd integrable on ez A re then which coteffi éient 
exist. ' 
If a function is even integrable on [— A A | then which co- ‘efficient 


exist. 
What are Fourier Co-efficient? 


If x? is integrable.in [— A A Als than which of the Fourier Co-efficient 
will non-Zero. 
If x is integrable in [—A ,A ], then witch of the Fourier co-efficient | 


will be Zero. 
Winite down formula for extended rule of i TERETE, 


Answers 


A Fourier Series,decomposes a periodic function into sum of a set of 
‘ simple wey functions, called mes & ae 


oC 
The oD sum = + (an ‘Cos n x + b, Sin nx) is called Fourier 
Series, m | | 
Only sb, exists and ay, a, =0 
ak an exists and -b, =0 
Constant ay , a, and b, present in the Fourier Series are called Fourier 
co-efficient. 
ap, An are non- zero 


( 


@y Aq are Zero. . 


Sfedx=fei-f a tf" g... + CIPS gn + 1 IF” &n dx 
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‘Fourier Series 


Objective Type Questions 
Q.1: Encircle the correct one of the given answers in each item 


o 
1, _The series 5 +) . (a, Cosnx +b, Sin rv is 
n=1 
(a) Bionomial ( Fourier 
(c) Arithmetic 


- (d)- Geometric 
2. Tfafunction f(- x) = — f(x) , then function is 


(a) even (b)— odd 


) linear (d) constant 
‘ Ifa function {(- x) =. f(x), ‘then function is 





(ay even ON ca 
(c) linear (de constant 
4. Inan odd function , the Fourier G0- efficient ap is 
> | ZeIO ‘(b): 1 
S. 2 oe YY @ 2 
In an odd function , the Fotticr co- efficient a, is 
(@y zero (b) l 
(c) -1 (d) . 2 
6. Inaneve function, the Fourier co- efficient b, is: 
(a)}-Zéro (b)- 1 
(c) sl | (qd) 2 


- 7. ‘Theperiod of sin x is 


 (o.™ bese ho feet 
bee re (d)  -2n 


The period of cos x is 


(a) x —_ (by on 


(c) —1 . (d) -2n 
9. Ifa function f(x) is periodic if f(x) = f(----------- ) 
| : 3 ee 
| (@YXET : (b) + = 
(c)+xT | (d) None of these 


10 — If function f(x) is even then ag = i f(x) dx 
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lapere ee 
(a) [700 dx es! f(x) dx 
im [7@ dx (d) — J Ff (x) dx 
Answers’ 
Ql. | 
1 b 2 3. 4,. a 5 a 
6 7 8. b 9 af 0) < 
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_ Chapter 12 


| Laplace Transformation | 
12.1 Introduction: 


We now present a systematic and elegant procedure that is widely used 
in circuit analysis and in the study of feedback and control) The theory takes 
its form from a symbolic method developed by the English engineer Oliver 
Heaviside. The modern approach to this method is based on the Laplace 
transformation. It enables one to solve many problemswithout going to the 
trouble - of | finding the general solution afid then evaluating the arbitrary © 
constants. The procedure can be extended_.to systéms of equations to partial 
differential equations of electrical network and)mechanical oscillations and to 
integral equations and it oftén yields “results more readily than other 
techniques. : : “ % 

12.2 Laplace transformation: 


The basis of this method i8 the transformation defined by 


oa 7 co} a ' , 1 
f(s) = Fe i Fhe“ dt=L fy}... vs anainas (1) 
The function F(s) is the Laplace transform of f(t), and the operator L 
that transforms f(t) into F(s) is the Laplace transform operator. The functional 
relation.expressed between F(s) and f (t) is written in the form F(s) = L {f (t)}. 


It should be emphasized that equation (1) describes the action of L, not 


only omef(t) but.on any function to which L can be applied Thus. 
co CS | ee) 


L{U(t)} = : U(t)e “dt, L{V(} = i V ()e7 dt and so on 
Example 1: é 


¢ 


| Let. f(t) =,1 when t>0, Find f(s) . (Laplace transform) 
Solution: Since f(t)=1 


SO =LEO= { sea 
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£9) =L{f(t}= { le dt 
Pr “y 
Sl, 
-5[e°-e'] 


l 
= 2 (OT) 


1 
S 


Example 2: | , | 
| Let f(t)=t whent>0, Find L((O} 


Solution: © Since. f(t)=t 


fo <Lvor= [ Se 


— io) 
fAsy=Lito=cf Re" at 


Integration by parts 


l se 
=a ltl 
Example3: ) 
. Let f(t) =e © When 
Solution: Since fO=e.. 
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The Laplace Transform 


nt>0, and a is constant, Find L{f(t)} 


a 
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: The Laplace Transform 


“FO =LGO= [ FQ eA 
Eiety = fet ae ie dt 


: e (sa). t 


cs 


Aan “ao 





wlll 











e°| = i | 

ee sa cn 

° s-a 
-S-a ; s>a | 

>| 


2.3 Properties of Laplace Transformation y 





Linearity ; 


eo . 


“RS Lietei= { ef edt 


=] se) grab 
L {cf} =ch.{ f (t)} 


Lol) 8 = f (0.09 +8 oy an 
= f a fitie™ dt + f Be(the*dt . 
= { af (te dt +2 { g(t) edt 
ae f {af() +B g(t) = aL f(t) +B Leg(t) 
Which shows that the operator L is linear, 
Laplace transform of derivatives : 


3. LE) [ep at 
- Integrating, by parts 
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(ee) FO la ef e* feat 
[e~ foo) —e° S(O] +s LFO 
~ -£(0) +s L (£O - 
: Lif’ (t)] = s L £(t) - £00) 
4. LF" (J=sLifl-f'O 
. = 5 [s Lf(t)] - £(0)] - PO) 
Lif” (t)] =s7L [£(t)] - s £(0)- £°O) | 
reer (p)=s"L [F' Ol-s ? ©-F"O) 


1 


‘. 
| = $"[s L f(t) — f(0)]—s F’ (0)- £:"(0) = 
= Lft)—s? 0)-sf'~f") 
Repetition of this process giv. | 
L{e™ (t)] = s™L f(t) - s™ £0) - gr"? £,(0)...- S fma(0) - fn-1(0) 
Where, fi (0) = £'(0)j.. sgh DD) = £) (0) 
le 4: ~’ : 
Example ” fin ai, (t’) ake 
Solution: bet f(t) =t" = 1 
 £ (Qn = fi(0) = 
gewmenn-Ie? = — A0)=O 
; fT {t) = n(n — Devvevers 2t = fn-1(0) =0. 
2.1 =n! 


By property 4 
pet @peS LAS 
L{n!} =S" L(t’) 
nl L{1}= SLC) 


n-1 f(0) = gr? f,(0) —. sasuke (0) 


al (Z)=S*L(C) : 
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: The Laplace Transform 
. n! ‘ “s 
L(t") = —att 
Example 5: — | cage | ° 


Find L (t°) 
Solution: Method ~ | 


Since L(t") =a 3 4 
Since L(t’) = | A | 
Method — 2: . : 

Let f= then £(0) = 0 
f'()=3r, 0) =0 
f"()=6t, £0) =0 

(t) = 6 : 
By the formula (property — 5). 
LE" () =? L f(t) —s? £0) & #8) f"(0) 
L{6} =s° L f(t) - (0) 4 +s (Oy-0 
6L {1} =s° L fa 
ab , 
6 (=) = s° L(f() 
773, @fer .' 
Lit) & wi 


- Example 6: 
(i) Find L{sin at] (i1) L{ cos ot] 
‘Solution: Method -] 


Since by example 2 


Lies —— 
S—a 
Put a = iw 
L(e™) ] 
: — 1 . 
L (cos wt + sin wt) =—_ yo t io 
. S-iw Stig ~ 
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. S @. 
L (cos wt) +i L( Sin wt) = “Sty Gy? + 1 lye? 


Comparing the real and imaginary parts we get 


ae 
(1) L[cosat]= G77 G2 (Real part) 
. (ii) L[sinwt]= 32 £ we (Imaginary part) 
- Method—2: = (i) Find L[sin wt} - 
Here, f(t)=sin ot, (0) = sin.0 =0 


f(t) =@cosot , f '(0) = cos'0= o 
ry == w* sin wt 
Since, ° Lf" (Q] =S"L [Ay] - $ £0) - F@ % 
| L [-w’ sin wt] =$? L [sin at J-0 2 
= @'L {sin wt] —S*L[ sin woth=— : 
(SF +07) L{ sin OFS 


w 
Lf sin ot] = ees} 


(ii) Find U cos ot] 


Here, f(t)= cds ot , 
f(t) =— o sin ot, | 


f(0) = cos 0 =.1 
f'(0)=—@ sin0=0 
7 5 ye — «w’ cos wt . 
Since , Ae SL [£()] - S (0) - £0) 
4 Lff"(t)] =S? L [cos wt] —S £(0) - f() 

L-w cos wt] = $*L [ cos wt] -S-0 

($+ 0) L [eos at]=S 

L pia wt] = a 


Property 6: Laplace transform of the derivative of order n: 


Let’ f(t) be continuous function for t > 0, then the Laplace transforms of 


nth order derivative is 
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apter : The Laplace Transform 


Le £0} = ay 5 [Lato] 
Proof: . ; | > 


4 . Since f(s) =L if(t)} = { e. f(t) dt 


| _ Differentiating w.r.t. s 
d | a | 
as Mts) J= f —t. & f(t) dt 
{lec Fret aa 
qs Ws) J=(- 1) te. f(t) dt 
aren 
(1) g, Us) J =L {t f(t} 
On differentiating once again 
él i ( ae 
C1) ag Us) J = of BE Pw 
Cl) ag 7 eT) fe e" f(t) dt . 


.] - 
Cras LAs) | =L 2 fp} 
Similarly, © 
2 ag de | Ae irr 
cy Ss ls =x ce 209) 
Example’7: | ) 
Let f(t)=t" for allt>0 , find L {t"} 
Solution: 
d° 
ds" 





Lt £0} = Cay Lis l= cy Steen 


Here, f(t)=1 
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Chapter #12 The Laplace Transform 
a oe df . oe 9 
Lit jeer Slt] 5 L(1} : 
—1)"n! 
= 
n! x 
= st ‘ 


12.4 Inverse Laplace Transforms: © & 
The operation by which we recover f(t) from L{f()}, = F (s) is 
called inverse Laplace Transform and is denoted by L x 
Thus if L{f(t)} =F (s) 
Then f(t) = L [F(s)] 
: Table of Laplace Transforms and Inwerse,Laplace Transforms 
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The Laplace Transform 
Example 8: 
rr -] S 
Find L [f (s)] | of Gwen “Gh , atb 
Solution: . 


§ dollgwyd Lab 
: Adeeb. Technology.La 
www.YouTube.com/AdeebTechnologyLab of the 1 following, 


Mea matt 


b. 
: = =) (by partial mw! 
a-—b *s—a s— . 


“ale G)-n ey 


1 
= (act —be®y 





Note: 


Exercise 12 


Find the Laplate tharStorms of the follow 


Ing functions. 
(1) 4 "lly 6°. 3 t . (iii) t? 
GY) ae: (v) ——) oe (vi) -e ” 
Find the Laplace transforms of the following functions. 
(1) .m3t'4 (ii). t?+at4 b (iii) cos 3t 
~ (iv) 9 sin 4t (Vv) acos2t _ (vi) sint . cost 
Stow that Laplace transforms of . io 


L {Pry} =sr. +2718) 
Prove that 


(i) . h {e™ cos wt} = (s ars a 
(ii) LL {e" sin wt}= Gate 


Let f(t) = 2 sin @ t. Oi L{f(t)} 


Find inverse Laplace ts transforms of t 


www.SalmanAdeeb.wixsite.com/DAE-Cit-badKs rcp dgoebee irvemipBInA 
Chapter #12 








‘ ik = 9 
5 te (iii) 2435 
@ Foxy -G) 32425 Made ie ea 
a iS a (vi) a 42) 
(iv) s(s + 1) (v) gs (s2 + ij: . (s + 1)(s- 
(Vi) G4a)(stb) 
Answers 
4 3. = 2! 
qb a << Gi) Mg 
‘33! a 1 
(iv) = a ora: (vi) 4 
ae 
fe Ee et ee 
Q2; (i) gts ji). Gtytg (ili) 24 32 
| 4 | as ~ 
Gv). Sa 42 W) so, 2% ) 44 
2 
Q5: Tae 
~%  £& We. a 3 
Q.6: (1) Se (11) 5 Sin st (ili) 3-3e" 
: » Se eee : A ae 
(iv): ] My) ~ 1—cost (vi) a [e — e2] 
7 -at, —bt 
(vii) [-e “+e '] 
me") 
wiaw Vourabe com Atideb Technolggylab aid acchoon conteticeb rechaoloay.lab 
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SaanEST #12 : - The Laplace Ti ransfor: m * 


Solved Short Questions. 


Write the short answers of the following : 


Q.1: Define Laplace Transformation. | 

Q.2: What is the main use of Laplace Transformation? 

Q.3: Find Laplace transformation of a constant K. 

Q.4: What is Laplace gyro of t"? 

Q.5: Prove that L{u(t)} = L {u(t)} — u(0) 

Q.6: Write the formula i‘ L{u (t)} 

Q.7: Write Laiats transformation of e” 

Q.8: IfL{t"} = srt "then what will be L{t’} 

Q.9: Write Laplace transformation of te 

Q.10: Find Laplace transformation of t. 

Q.11: What is Laplace transformation of Sin(7t)? 

Q.12: If Lie a % weg then, what. will be the Laplace 
‘transformation of (i) ¢“ “\{ii) e? | 

Q.13: What is Laplace transformation ‘ef Cos (6t)? 

Q.14: Define inverse Laplace.transtormation. 


Ql. 


Q2. 


: What is the inverse ‘baplace transformation of (i). igs (il) 


: What is inverse Laplace transformation of : 


: What is the mast important method to find the inverse * Laplace 


transformation of funtion? | 





? 
Sta’. 


> What i Is inverse Arvlace transformation of the function Se 16: 4 ] 6. a 
] 
: F —— 
¢, E an ast | ; 


9 
So? 
Answers 


090 


L {UH} = f euma 


—~0 


The Laplace transformation j a 
y on Is.used to solve diff ‘43 
more useful than classical methods. | es a ae lS 
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‘Chapter #]2 The Laplace Transform 
K 

Q3. 5 | 

4. Br 06. Ltu'()} = 8? L{u(} ~S ulo)—u (0) 

l 5040 ] 

at oh. OF Gea 
7 

- Q10. SZ Qll. §%449 | 

ae (dcemee 2 5 
Qi.) gag GD agp. 57436 


Q14. - u(t) is called inverse Laplace transformation of F(S)and written as, 


uff) =L" {FS} — ae - | 
Q15. The partial fraction method is most important method to,find inverse 


Laplace transformation. 
: a t a -at 
Q16. (i) (-)! D! (il), e 
: ' - 2 
- QI7. Sin (4t) is, et At Qin & 
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Objective Types Questions 


Q.1: Encircle the correct one of the given answers. in each item. 














l-- Lf OF (the Laplace Transform of f(t))is 
ar f(t) edt ©) [ 0) edt 
@ . «oO 
t 
| ©) f F@ eat @) [ sy eae 
2--- ‘Laplace transform of the function f(x) = 1 is 
(a) 1/s? (b) 1/3? : (Tis (df We 
3--- Laplace transform of the function “f(x) = =t is 
(a) Us (by Ls? (c) 1/53 Yay =1/s 
4--- Laplace transform of the.function f(x)=2 js . | 
— @)s2 (b) = 2/s? (c) 2/8 (dj) 2/s 
5--- Laplace transform of the function * f(x) =e' is 
. g eae () 7 Got (d) s 
Go Laplace transfofm of the function f(x) =e?" js 
41 
@ —— ()s-a (@) sta 
7--- - Laplacestransform of the function f(x) =e" is 
ja a 
Ore ar (c)s-—a (d). sta 
8--- The Laplace Transform of f(t)= sinat - eae? 
fe 7 @ 7 
| os S42 5 (b) a 
3 ° is , ; s* + w2 
" © wo = Pad 


: ® >>; 
‘ The Laplace Transform of f(t)=1" 7 ate 
~ tee 


(c) | . 


Man. * onl 
git d | 
. www. YouTube.com/AdeebTechnologyLab www facebook.com/Adee®. Technology. Lab 
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The bugilage Transform 


10--- ‘Thei inverse Laplace transform L (A) is equal to 


i 


(b) 2 (c) 3 


(d) 4. 


11--- . The inverse Laplace transform ie (=) is equal to 


www.YouTube.com/AdeebTechnologyLab 














(et 


. (d) 2. 


C 
©) cos 5 


Li 


(d) cos é 


_ (2) sin) (d) cos Q 


wf 5 
(d) cos =, . 


(a) 1 (c) 
12--- =o is inverse Laplace transform of 
| | | : 
(a) Sinwt ( cos, at (c) sin’ 
i erat is inverse Laplace:transform of 
4," ; . ‘ t 
. _ (a Sinwt (b)° cosat (c) sin a 
\ v 
S7\ A 
ee is inverse Laplace transform of 
id ‘s2'+ 1 
| - (af Sint. (b), cost 
: -§ 
15--- 7 is inverserLaplace ten one of — 
. “gt FE 1 , 
(@) Sint x f° as sin(=) 
| View iL —) 1§,equal to 
Meri 0; 
aN c% =. ) is equal to 
BS + Sy. 
pe be” 7 (fe 
Answers 
Ql. , a 
6 be ke a 8 9 10. a 
ly: % 2 b ‘LR. a 14. 15. b 
6% da“ “ih ¢d : 
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